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GEOMETRY OF LINES ON A CUBIC FOURFOLD
FRANK GOUNELAS AND ALEXIS KOUVIDAKIS
Abstract. For a general cubic fourfold X ⊂ P5 with Fano scheme of
lines F , we prove a number of properties of the fibration of genus 4
curves from the universal family of lines p : I → X. We compute the
classes of various ramification loci attached to this fibration and use this
to compute the class of the locus of triple lines, i.e., the fixed locus V
of the Voisin map φ : F 99K F , which we prove is a smooth irreducible
surface if X is general. In the final two sections, we compute the Hodge
numbers of the locus S ⊂ F of lines of second type and give an upper
bound for the degree of irrationality of the Fano scheme of lines of any
smooth cubic hypersurface.
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1. Introduction
Let X ⊂ P5
C
be a smooth cubic fourfold and F ⊂ G(2, 6) its Fano scheme
of lines. The geometry of these varieties has received a lot of attention since
the beginning of the 20th century and in particular since the foundational
papers [CG72, AK77]. Consider the universal family of lines with the two
projections
I
q

p
// X
F.
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It turns out that the morphism p is a fibration of (2, 3)-complete intersec-
tions in P3 associated to the geometry of X, and all but finitely many fibres
are genus 4 curves. As such, each fibre Cx = p
−1(x) ⊂ I, which parametrises
lines in X through x, comes equipped with two g13 linear systems by restrict-
ing the rulings of the corresponding quadric. The aim of this paper is to
study the fibrations p, q and the geometry and intersection theory of various
geometric loci in each variety.
Recall that there are two types of points [ℓ] ∈ F , i.e., lines ℓ ⊂ X,
depending on the decomposition of the normal bundle Nℓ/X . The generic
line is called of first type, whereas there is a surface S ⊂ F parametrising
those of second type (see Section 2) for formal definitions.
Our first goal is to further expand (in Sections 3, 4) on the geometry of the
curves Cx, which we achieve by studying properties of the fibration p on I
but also the induced restricted fibration over S ⊂ F . To name one example,
we obtain the following as a combination of Proposition 3.4, Corollary 3.6.
Theorem A. For x ∈ X ⊂ P5 a general point of a general cubic fourfold,
Cx is Brill–Noether general and the morphism
p|q−1(S) : q
−1(S)→W ⊂ X
is birational onto its image W , an irreducible divisor in X.
In Remark 3.7 we also extend the second part of this result to arbitrary
cubic hypersurfaces, which seems to have been expected but was missing
from the literature.
Moving now to geometric constructions on F , Voisin [Voi04] defined a
map
φ : F 99K F
taking a general point [ℓ] corresponding to a line ℓ ⊂ X to the point [ℓ′],
where there is a unique Πℓ = P
2 so that X ∩ Πℓ = 2ℓ + ℓ
′. This map was
also studied in detail in [Ame11] and if X does not contain any planes, is
resolved by a single blowup of the locus S. In section 4 we further analyse
the geometry of this map as well as various related geometric constructions,
such as the natural map F 99K X taking [ℓ] 7→ ℓ ∩ ℓ′, by interpreting the
residual line [ℓ′] in terms of the ramification points of the g13 ’s on Cx and
their conjugates.
As an application of the analysis above, in Section 5 we define the loci
R,N ⊂ I
which are the closure of the locus of ramification points (resp. triple ramifi-
cation points) of the two g13 ’s on the smooth fibres Cx. The locus R ⊂ I is of
particular interest as it is birational to F and contains the family of second
type lines q−1(S). In Section 6 we compute the classes of R,N in the Chow
group of I in terms of the tautological line bundle l = OI(1), g = q
∗HF the
pullback of the class of the Plu¨cker polarisation and c = q∗c2(UF ) where UF
is the restriction of the universal rank 2 subbundle from the Grassmannian
to F .
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Theorem B. If X ⊂ P5 is a general cubic fourfold, then the classes [R] ∈
CH1(I) and [N ] ∈ CH2(I) are given as follows
[R] = 4g + l,
[N ] = 4l2 − 4lg + 25c.
We note that the above computations rely on delicate analysis of the
singularities and ramification of the curves Cx carried out in Sections 3-5.
In Appendix A we provide an alternative proof of the computation of the
class of R using admissible covers.
Our next aim is to introduce the locus of fixed points of φ
V := Fix(φ) ⊂ F,
which to our knowledge has so far eluded study, consisting of lines for which
there is a Πℓ = P
2 so that X ∩ Πℓ = 3ℓ. We will call this the locus of
triple lines and it consists of both first and second type lines. We study the
geometry of this locus in Section 7, and using that q(N) = V , we compute
its class as follows.
Corollary C. If X ⊂ P5 is a general cubic, then the locus V ⊂ F of triple
lines is a smooth irreducible surface of class
[V ] = 21c2(UF ).
In particular, this class is a multiple of the generator (cf. [Voi10]) of
the known extremal ray of the effective cone Pseff2(F ), and as such is La-
grangian.
We emphasize that an outcome of the analysis of the geometry of the loci
R,N , in particular via the study of the sheaf L := ωu(−2∆) on the fibration
u : J → I where J → I×X I is a partial resolution of singularities explained
in Section 5, is the construction of a geometric resolution T of the Voisin
map, which is a correspondence inside J defined as the degeneracy locus of
the natural map
u∗u
∗L → L.
This variety T is of key importance in the computation of the above classes.
In Section 8 we use Amerik’s description of the second type locus S as
the degeneracy locus of the universal Gauss map
f : Sym2 UF → Q
∗
F
S = D2(f) ⊂ F,
the Harris–Tu formula as well as Borel–Bott–Weil computations on the
Grassmannian in Appendix B to compute the Hodge numbers of S.
Theorem D. If X ⊂ P5 is a general cubic then the second type locus S ⊂ F
is a smooth irreducible surface whose Hodge numbers are as follows
h1,0 = q = 0
h2,0 = pg = 449
h1,1 = 1665,
whereas π1(S, s), although necessarily a finite group, contains a non-trivial
element of order 2.
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The order of the torsion element in the above theorem was pointed out
to us by Huybrechts (see Remark 8.4), who also independently calculated
the above invariants in his lecture notes on cubic hypersurfaces, although
our approach using Borel–Bott–Weil directly on F leads to a more refined
analysis of the projective embedding S in the Plu¨cker space.
In the final Section 9 we extend results from [GK19] to prove that for
F (X) the Fano scheme of any smooth cubic hypersurface X ⊂ Pn+1, the
degree of irrationality satisfies
irr(F (X)) 6 6.
Acknowledgements We would like to thank Olof Bergvall and Daniel
Huybrechts for helpful correspondence. The first author was supported by
the ERC Consolidator Grant 681838 “K3CRYSTAL”.
2. Background and notation
As the notation surrounding cubic fourfolds is substantial, we devote this
section to fixing that used in the paper and recalling some basic properties,
so that it acts as a reference for later sections.
For a vector bundle E we denote by P(E) = Proj(Sym(E∗)), so that
projective space parametrises one dimensional subspaces. We denote by
G(k, n) the space of k-dimensional subspaces of Cn, with universal bundle
U of rank k and universal quotient bundle Q of rank n− k. We will denote
by σI the standard Schubert cycles for an index I so that, e.g., σi = ci(Q)
for i > 1.
Throughout, X ⊂ P5 will be a smooth cubic fourfold with HX = OX(1)
and F ⊂ G(2, 6) the Fano scheme of lines contained in X which is a hy-
perka¨hler fourfold [BD85]. We denote by UF ,QF the restrictions of U ,Q to
F . The universal family of lines sits in a diagram
P(U)
p
//
q

P5
G(2, 6)
and note that we have
p∗OP5(1) ∼= OP(U)(1).
We use the same notation p, q for the induced maps on
I := P(UF )
the universal family of lines on F . We will often denote by IY this universal
family restricted to some subset Y ⊂ F or Y ⊂ X, and will continue using
p, q for the corresponding restricted morphisms.
Denote by H = c1(U
∗) or HF the Plu¨cker ample line bundle on F .
The subvariety F ⊂ G(2, 6) is given by a section of the rank four bundle
Sym3 U∗ ∼= q∗p
∗OP5(3) - in fact it is the section induced, under this isomor-
phism, by f ∈ k[x0, . . . , x5]3 whose vanishing is X (see [EH16, Proposition
6.4]) so its cohomology class in the Grassmannian is given by c4(Sym
3 U∗)
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which can be computed as follows (see [Ful98, Example 14.7.13])
[F ] = 18c1(U
∗)2c2(U
∗) + 9c2(U
∗)2
= 18σ21σ1,1 + 9σ
2
1,1
= 27σ22 − 9σ1σ3 − 18σ4.
(1)
Consider now the morphism p : I → X. We denote by
Cx := p
−1(x)
the fibre over x, which parametrises the lines in X containing x. If X
is general, then Cx is 1-dimensional for all x (see [LSV17, Lemma 2.5]),
whereas for arbitrary X there are only finitely many points in X where
the fibre can be two dimensional (see [CS09, Corollary 2.2]). We defer to
Proposition 3.4 for more properties of Cx. In any case, Cx embeds in F via
q and can also be realised as the (2, 3)-complete intersection in P3 formed
by the intersection points of the lines through x with TxX ∩ A, where A
a hyperplane not containing x: for RxX = V (
∑
xi∂if) the polar quadric,
Cx is the intersection RxX ∩ TxX ∩X ∩A. As such, if it is 1-dimensional,
it is of arithmetic genus 4 and has two g13 ’s, counted with multiplicities
[EH16, Corollary D.11], namely the restrictions of the rulings of the quadric
RxX ∩ TxX ∩A.
If X is very general, Pic(F ) = Z and we denote by β the generator of
H2(F,Z)
alg. In [Ame11] it is proven that
[Cx] = 2β ∈ H2(X,Z).
Following [CG72], there are two types of lines ℓ ∈ F , depending on the
decomposition of the normal bundle Nℓ/X .
Definition 2.1. We say that a line ℓ ⊂ X is
(1) of first type if Nℓ/X ∼= O(1)⊕O
2,
(2) of second type if Nℓ/X ∼= O(1)
2 ⊕O(−1).
An equivalent geometric description is as follows: ℓ is of
(1) first type if there is a unique Πℓ = P
2 tangent to X along ℓ.
(2) second type if there is a family Πℓ,t = P
2, t ∈ P1, of 2-planes tangent
to X along ℓ.
Denote by
S := {ℓ : ℓ is of second type} ⊂ F
W := p(P(US)) ⊂ X
the locus of second type lines and the locus of points through which there
passes a second type line respectively.
To simplify things slightly, we will denote from now on the universal
family of second type lines by
Σp := P(US),
which as will be explained in Lemma 3.1 is also the singular locus Sing(p)
of the morphism p : P(UF )→ X.
Lemma 2.2. ([Huy20, Corollary 3.1.32]) Let X ⊂ P5 be a smooth cubic
fourfold. Then W is 3-dimensional, and if X is general it is irreducible.
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The following is a combination of [Ame11, Lemma 1], [OSY18, §3], [Huy20,
Proposition 6.2.28].
Theorem 2.3. If X ⊂ P5 is a cubic fourfold then S is 2-dimensional and
is the degeneracy locus of the Gauss map, i.e., the following morphism of
vector bundles
Sym2 UF → Q
∗
F .
In particular c1(KS) = 3HS in H
2(S,Q) and the class of S in CH2(F) is
given by
[S] = 5(c1(U
∗
F )
2 − c2(U
∗
F )) = 5c2(QF ) = 5σ2|F .
If X is general, S is a smooth projective irreducible surface.
Let
φ : F 99K F
ℓ 7→ ℓ′
(2)
be the Voisin map of [Voi04], taking a general line ℓ and giving the residual
line ℓ′ in the tangent 2-plane Πℓ to ℓ, i.e., Πℓ∩X = 2ℓ+ ℓ
′. Note that this is
not defined on S nor on any lines contained in a plane contained inside X.
Containing a plane is a divisorial condition, so for X outside this locus, we
can resolve this map with one blowup F˜ = BlS F along the surface S. We
denote by ES the exceptional divisor which is a P
1 fibration over S
ES


//
⑦⑦
⑦⑦
⑦⑦
⑦⑦
F˜
π
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦ φ˜

❄❄
❄❄
❄❄
❄❄
S 

// F
φ
//❴❴❴❴❴❴❴ F.
(3)
One can also define the following rational map
ψ : F 99K X
[ℓ] 7→ ℓ ∩ ℓ′.
(4)
taking a general line to the intersection point with its residual in the unique
tangent 2-plane. This is not defined on S but also on the following locus.
Definition 2.4. Denote by V ⊂ F the locus of points [ℓ] so that there is
2-plane Πℓ so that Πℓ ∩X = 3ℓ.
This locus appears briefly in the literature ([SV12, Definition 2.2] and also
[CG72, Lemma 10.15] where in the case of a cubic threefold it is proven to
be finite a set) and can also be viewed as the set of lines fixed by the Voisin
map φ, that is those [ℓ] ∈ F with φ([ℓ]) = [ℓ]. We will prove in Corollary
7.2 that if X is general, V is a smooth projective irreducible surface. Also,
we prove in this case that V ∩ S is a smooth irreducible curve.
Note finally that ψ extends naturally to F˜ so that ψ(ES) = W , with
W = p(q−1(S)) ⊂ X as above. Denoting by V˜ ⊂ F˜ the strict transform
of V , in Section 4 we will describe how to resolve ψ completely, by further
blowing up V˜ in F˜ .
We will need the follow results from intersection theory, which we put
together for later use. In the following we denote by l := OI/F (1) the
tautological bundle, ωp := det(Ω
1
p) the determinant of the relative cotangent
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bundle, and by λ := det(p∗ωp) the determinant of the Hodge bundle of the
fibration p.
Lemma 2.5. Let X ⊂ P5 be a smooth cubic fourfold. We have the following
equalities in the Chow ring (or in cohomology)
(1) H4F = 108, H
2
F c2(UF ) = 45, c
2
2(UF ) = 27.
(2) H2Fσ2 = 63, σ
2
2|F = 45.
(3) βHF = 3, β =
1
36H
3
F and so q∗[Cx] =
1
18H
3
F .
(4) q∗p
∗H2X = HF , q∗p
∗H3X = σ2|F , q∗p
∗H4X = q∗p
∗3[x] = 16H
3
F .
(5) c1(ωp) = q
∗HF + l.
(6) p∗q
∗H2F = 21HX , p∗(l
2) = 0, p∗(lq
∗HF ) = 6HX ,
(7) [W ] = 75HX .
(8) p∗(c1(ωp)q
∗[S]) = 180H2X .
(9) λ = 9HX .
Proof. In the following we will repeatedly use the fact that if x a cycle in X
and y a cycle in F with codim(x) + codim(y) = 5, then q∗p
∗(x)y = xp∗q
∗y
from the projection formula.
(1) and (3) are in [Ame11, Lemma 4] (see also [OSY18]), whereas (2), (4)
are standard intersection theory of Schubert classes.
(5) follows as we have ωp = ωI − p
∗ωX , so by combining the facts that
ωX = −3HX , p
∗HX = l and ωI = ωq = q
∗HF − 2l we get the result.
For (6), the first follows as if we let p∗q
∗H2F = aHX , then p∗q
∗H2FH
3
X = 3a
so we have
p∗q
∗H2FH
3
X = H
2
F q∗p
∗(H3X)
= H2Fσ2
= 63.
For the second, l2 = p∗H2X implies p∗l
2 = 0. For the third,
p∗(lq
∗HF ) = p∗(p
∗HXq
∗HF ) = HXp∗q
∗HF
= 6HX
where for the final equality, if p∗q
∗HF = m[1X ] with m = p∗q
∗HF [x] for
x ∈ X, then m = HF q∗p
∗[x] = HF [Cx] = 6.
For (7) let [W ] = aHX . Then [W ]H
3
X = aH
4
X = 3a. We will show later in
Proposition 3.6 that for X general, p : q−1(S)→W is birational. Assuming
this for the moment, we have [W ] = p∗q
∗[S] and therefore
[W ]H3X = p∗q
∗[S]H3X = [S]q∗p
∗H3X
= 5σ22 |F
= 225,
giving (7) if X is general (see below for the case of arbitrary smooth X).
For (8) and X general, note that ωp = p
∗HX + q
∗HF and that
p∗(p
∗HXq
∗[S]) = HXp∗q
∗[S] = HX [W ]
= 75H2X .
Assuming that X is very general, we have that H2,2(X,Z)pr = 0 from
Deligne’s Invariant Cycle Theorem (see [Huy20, Corollary 1.2.12]). Hence
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p∗(q
∗HF q
∗[S]) = mH2X for some integer m, giving
3m = p∗(q
∗HF q
∗[S])H2X = p∗q
∗(HF [S])H
2
X
= HF [S]q∗p
∗H2X
= 5H2Fσ2 = 5 · 63.
Therefore p∗(q
∗HF q
∗[S]) = 105H2X giving the result if X is very general.
To extend (7) and (8) to every smooth cubic, note that all classes in
question are defined globally on the universal family of cubic fourfolds f :
X → U . Hence, e.g., in (7), if we consider the class α = [W] − 75HX ∈
H2(X ,Z), then as R2f∗Z is a local system and αt = 0 for t in the complement
of a countable union of closed subsets, we obtain that αt = 0 for all t ∈ U .
The analogous result for Chow groups is [Voi14, Lemma 3.2].
For (9), from the standard formula for λ (e.g., from [HM98, 3.110]) we
have
λ =
1
12
(p∗ω
2
p + [W ])
=
1
12
(p∗(l + q
∗HF )
2 + 75HX)
= 9HX . 
3. The curve of lines through a point
In this section we collect and extend some facts about the (2, 3)-intersection
Cx parametrising lines through a point x ∈ X ⊂ P
5 of a smooth cubic four-
fold. We recall that if X is general then Cx is always a curve, whereas for
arbitrary X there can be only finitely many points where it is a surface. The
following is well known to experts (see, e.g., [Huy20, Corollary 3.1.32]), but
we include the argument so as to fix notation and extract a bit further out
of its proof.
Lemma 3.1. Let X ⊂ P5 be a smooth cubic fourfold and x ∈ X such that
Cx = p
−1(x) is 1-dimensional.
(1) If ℓ is a line of first type through x, then Cx is smooth at [ℓ].
(2) If ℓ a line of second type through x, then Cx is singular at the point
[ℓ] and the singularity has a 2-dimensional tangent cone.
Proof. Let ℓ be a line of first type in X. We may assume that it is given by
the equations x2 = x3 = x4 = x5 = 0. Then the equation of X may take
the form [CG72, 6.9].
F = x2x
2
0 + x3x0x1 + x4x
2
1 + x0Q0(x2, x3, x4, x5)+
x1Q1(x2, x3, x4, x5) + P (x2, x3, x4, x5) = 0.
(5)
Since x ∈ ℓ we may assume that x = [1, a, 0, 0, 0, 0] ∈ ℓ (the case x =
[0, 1, 0, 0, 0, 0] is treated similarly). To find Cx, we write the equation as
x2x
2
0 + x3x0(x1 − ax0) + ax3x
2
0 + x4(x1 − ax0)
2 + 2ax0x4(x1 − ax0)
+ a2x20x4 + x0Q0 + (x1 − ax0)Q1 + ax0Q1 + P = 0.
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Putting x0 = 1 and x
′
1 = x1 − a we get
[x2 + ax3 + a
2x4] + [x3x
′
1 + 2ax4x
′
1 +Q0 + aQ1] + [x4x
′
1
2
+ x′1Q1 + P ] = 0.
Then the lines through x = (0, 0, 0, 0, 0) ∈ A5 (in the x′1, x2, x3, x4, x5 coor-
dinates) are determined by their slopes in P4. They are parametrised by the
following curve which is given by the system
x2 + ax3 + a
2x4 = 0
T2 = x3x
′
1 + 2ax4x
′
1 +Q0(x2, x3, x4, x5) + aQ1(x2, x3, x4, x5) = 0
T3 = x4x
′
1
2
+ x′1Q1(x2, x3, x4, x5) + P (x2, x3, x4, x5) = 0.
The points [x′1 : x2 : x3 : x4 : x5] ∈ P
4 of this curve, correspond to the
slopes of the lines through x. The line ℓ has slope 〈1, 0, 0, 0, 0〉. Substituting
x2 from the 1st equation, T2 = 0, T3 = 0 become equations in the variables
x′1, x3, x4, x5 in P
3. The point in Cx which corresponds to the line ℓ is then
[1 : 0 : 0 : 0] (in the x′1, x3, x4, x5-coordinates). At this point the gradients
of the surfaces T2, T3 are 〈0, 1, 2a, 0〉 and 〈0, 0, 1, 0〉 respectively. Hence the
intersection is transversal at that point and the curve Cx is smooth at the
point [ℓ].
Let now ℓ be a line of second type, given by x2 = x3 = x4 = x5 = 0.
Then the equation of X may take the form [CG72, 6.10]
F = x2x
2
0 + x3x
2
1 + x0Q0(x2, x3, x4, x5) + x1Q1(x2, x3, x4, x5)
+ P (x2, x3, x4, x5) = 0.
(6)
A similar calculation shows that with centre the point x = [1 : a : 0 : 0 :
0 : 0] ∈ ℓ (the case x = [0 : 1 : 0 : 0 : 0 : 0] is treated similarly) the equation
of X becomes (by putting x0 = 1 and x1 − a = x
′
1)
[x2 + a
2x3] + [2ax3x
′
1 +Q0 + aQ1] + [x3x
′
1
2
+ x′1Q1 + P ] = 0.
Then Cx is the intersection of two surfaces in a 3-dimensional projective
space with gradients 〈0, 2a, 0, 0〉 and 〈0, 1, 0, 0〉 respectively hence the inter-
section is not transversal and Cx is singular. 
Geometrically one can see this as follows. Take x ∈ ℓ ⊂ X. The tangent
space to the line ℓ in X is spanned by ℓ and the tangent cone to Cx at
the point [ℓ]. This space has dimension 2 (i.e., [ℓ] is a line of first type)
if and only if Cx is smooth at [ℓ] and has dimension 3 (i.e., [ℓ] is a line of
second type) if and only if Cx has a singularity at [ℓ] (with tangent cone of
dimension two). When we consider Cx as a curve in F (i.e., as q(p
−1(x))),
the singular points correspond to the intersection points with the surface S.
When x /∈W this intersection is empty and the curve Cx is smooth.
Remark 3.2. For [ℓ] ∈ S, x = [1 : a : 0 : 0 : 0 : 0] ∈ X and Ya = TxX ∩X,
one sees that Ya contains ℓ and has in general two singular points on ℓ,
namely x and [1 : −a : 0 : 0 : 0 : 0]. For a = 0, Y0 has a non-ordinary
singularity at x (and the same for x = [0 : 1 : 0 : 0 : 0 : 0]). On the
other hand, if [ℓ] ∈ F \ S and x ∈ ℓ then Yx = TxX ∩ X does not have
a singularity on ℓ other than x. In particular, if x /∈ W then the only
singularity of Yx is at x. This is in accordance with [CG72, Definition 6.6],
defining lines of first and second type as those for which the image of the dual
10 FRANK GOUNELAS AND ALEXIS KOUVIDAKIS
mapping is a smooth plane conic or a two-to-one covering of the projective
line respectively. In fact, in the latter case, ∇F ([s : t : 0 : 0 : 0 : 0]) =
〈0, 0, s2, t2, 0, 0〉 and the fibres of the two-to-one covering are formed by the
points [±s : t : 0 : 0 : 0 : 0], with ramification points the two points at
infinity [1 : 0 : 0 : 0 : 0 : 0], [0 : 1 : 0 : 0 : 0 : 0]. Finally note that for
a point x ∈ ℓ ∈ S, the singularity of Cx corresponding to ℓ has the same
type as the section TxX ∩X has at the point x
′, the conjugate to x under
the Gauss map (in fact TxX = Tx′X). Hence if x
′ is not in the Hessian this
singularity is nodal. If there are several second type lines containing x, each
one induces a singularity as above.
Lemma 3.3. We have the following two correspondences
(1) between pairs (Y, x) where Y ⊂ P4 is a cubic threefold with a singu-
lar ordinary double point x, and smooth non-hyperelliptic curves of
genus 4 with canonical image which lies on a smooth quadric.
(2) between pairs (Y, x) where Y ⊂ P4 is a cubic threefold with two
collinear ordinary double points so that x is one of them, and smooth
non-hyperelliptic genus 3 curves with two marked points and with
nodal canonical image lying on a smooth quadric.
In both cases the canonical image of the corresponding curve parametrises
the lines in Y through x.
Proof. The first has appeared many times in the literature, see, e.g., [CG72,
p.306-307] and [CML09, §3.1]. The second is a minor modification of this
so we briefly sketch the construction. For (C ′, p1, p2) ∈ M
nhyp
3,2 , the linear
system |KC′ + p1+ p2| gives a morphism C
′ → P3 with image a sextic curve
C with one node p. Just as in the classical construction of the canonical
embedding of a non-hyperelliptic genus 4 curves, H0(P3, IC(2)) = C so there
is a unique quadric Q containing C, which we may assume is smooth by
genericity. Also, the linear system |IC(3)| induces a birational map h :
P3 99K P4 with image a singular cubic threefold Y . This can also be realised
by blowing up P3 at the curve C to obtain a variety Y˜ with one node (C
and Y˜ have the same singularity count and type) lying above the node of C,
and blowing down the strict transform of the quadric Q to obtain Y . The
threefold Y will be singular both at the image x of the quadric but also the
image of the singular point of Y˜ and these two must lie on the same line.
Projecting from x gives the inverse map to h. 
Note that from Lemma 2.2, if X is general, the locus W ⊂ X spanned by
lines of second type is an irreducible divisor.
Proposition 3.4. Let X ⊂ P5 be a general cubic fourfold and W ⊂ X the
locus spanned by lines of second type. For any x ∈ X the curve Cx ⊂ F
parametrising lines passing through x is reduced and connected. Moreover,
the following hold.
(1) For x ∈ X \W the curve Cx is irreducible and smooth of genus 4
and if x is general then it is Brill–Noether-general.
(2) For x ∈ W general, Cx is irreducible and has only one node and its
normalisation is a Brill–Noether-general curve of genus 3 with the
two preimages of the node being general points.
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(3) For any x ∈ W there are at most 4 lines of second type through x
and the total Tjurina number of Cx is 6 6, and if reducible, Cx is
the union of two irreducible, at worst nodal, plane cubics meeting at
3 distinct points.
Proof. From [LSV17, Lemma 2.7] we know that Cx is reduced for all x ∈ X,
and that it is connected follows from [BVdV79], [Huy20, Remark 4.11]. For
any x not inW , from Lemma 3.1 it follows that Cx is also smooth and hence
irreducible, proving the first part of (1). We now prove the remainder of (1)
and (2).
Let C be a general curve of genus 4 (resp. a general arithmetic genus 4
curve with one node). From Lemma 3.3 we obtain a cubic threefold Y with
one (resp. two) nodes, in such a way that C parametrises lines contained in
Y passing through the marked node p0. Write the equation determining Y
as F (x0, . . . , x4) = 0 with singularity at the marked node p0 = [1 : 0 : . . . : 0]
(in such a way that the other node is not on the x0 = 0 hyperplane), and
consider the quartic equation
G(x0, . . . , x5) = F (x0, ..., x4) + x
2
0x5.
It is easy to check that X0 = V (G) defines a smooth cubic fourfold with Y
as the tangent hyperplane section at the point [1 : 0 : . . . : 0], so that we have
p0 ∈ X0 and that C = Cp0 is the curve of lines through p0. Note that in the
second case, Y will be a hyperplane section of X0 with two nodes, and the
line between these nodes is of second type (cf., Remark 3.2 for the converse
statement that the tangent hyperplane at a general point of a general line
of second type has two singularities).
Let now
X → U ⊂ |OP5(3)|
the universal family of smooth cubic fourfolds, p : I → X the projection
from the universal family of lines on all of them, and q : I → F (X ) the mor-
phism to the universal Fano variety of lines. From semicontinuity of fibre
dimension, the generic fibre of this morphism is a smooth curve of genus 4.
In fact, [CS09, Lemma 2.1, Corollary 2.2] prove that for any smooth cubic
fourfold X, there are only finitely many points in X over which the fibre
of p : I → X is not 1-dimensional, so this locus is codimension 4 in X .
The universal locus S ⊂ F (X ) of second type lines admits a projection to
the Grassmannian G(2, 6) with isomorphic, irreducible fibres (see [Huy20,
Proposition 3.1.30] and its proof). Hence S is irreducible and of codimen-
sion 2 in F (X ) so that the total space q−1(S) of second type lines in I is
irreducible and likewise its image W ⊂ X , the locus of points on lines of
second type, which is a divisor in X since q−1(S)→W is generically finite.
We conclude that the non-empty open subset of W parametrising points
where the fibres of p are curves is irreducible.
Since a general X degenerates to X0, so will the corresponding family of
curves Cx degenerate to C, proving (1), since being Brill–Noether-general is
an open condition. Similarly, the curve Cx for a general point x ∈ W ⊂ X
must be Brill–Noether-general and irreducible with one node, since being
nodal is an open condition in a flat family of curves and W is irreducible.
This completes (2).
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We now prove (3). As mentioned in Section 2, the class of Cx in cohomol-
ogy is 2β, and since for the very general X the class β is irreducible, every
curve representing it must be irreducible, which hence also holds for the gen-
eral X, implying Cx has at most two irreducible components. From [NO19,
Lemma 3.8] it follows that each such irreducible component has arithmetic
genus 1 and at worst nodes, implying that the two components must meet
at three distinct points as the total arithmetic genus is 4. The statement
about singularities follows from the correspondence between singularities of
the tangent plane Yx = TxX ∩ X at x and those of Cx of [CML09, 3.1-
3.3] and from the fact that for a general X, every hyperplane has isolated
singularities of Tjurina number at most 6 from [LSV17, Corollary 3.7].
From [NO19, Theorem 1.3] the locus of curves of arithmetic genus 1 and
class β is one-dimensional. In particular, from the analysis above and the
fact that dimW = 3, since every time Cx is reducible it must have compo-
nents corresponding to points in this locus, we obtain that for the generic
point x ∈W , Cx is irreducible. Again loc. cit. implies the generic such curve
is nodal as this is an open condition. Since the arithmetic genus of Cx is four
and every singularity corresponds to a second type line through x, there can
be at most 4 lines of second type through x. 
Remark 3.5. In particular, from Lemma 3.1 the curve Cx can have at most
four singular points for x an arbitrary point of a general cubic fourfold. It
would be desirable to have a complete list of possible singularities which
occur for Cx and a description of the corresponding loci in X.
Corollary 3.6. For X ⊂ P5 a general cubic fourfold, the morphism p :
P(US)→W is birational and the degree of W in P
5 is 225.
Proof. That through a general point x ∈W there passes precisely one second
type line follows from the fact that each second type line through x forces an
extra singularity of Cx by Lemma 3.1 so we conclude from Proposition 3.4,
as the generic x ∈W has Cx irreducible with one node. That the degree of
W is 225 was already computed in Lemma 2.5, under the assumption that
the degree of the above map is one. 
Remark 3.7. More generally, let n > 3 and let X ⊂ Pn+1 be a general
cubic n-fold, F (X) its Fano scheme of lines and F2(X) ⊂ F (X) the locus
of lines of second type, which is a smooth of dimension n− 2 = 12 dimF (X)
from [Huy20, Proposition 3.1.30]. Consider the induced morphism from the
family of lines
P(UF2)
p
//
q

W ⊂ X
F2(X)
for U the universal bundle on the Grassmannian G(2, n + 2). The same
argument as in Proposition 3.4 proves that p is birational onto its image, a
divisor in X, and we summarise this in the following two paragraphs.
First, there is a correspondence between pairs (Y, x) where Y ⊂ Pn is a
cubic (n− 1)-fold with two collinear ordinary double points, one of which is
x, and (2, 3)-complete intersections in Pn−1 with one ordinary double point.
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For example (see [DvGK05]), if n = 3, this will be between cubic surfaces
with two collinear nodes, and 0-cycles in P2 of length 6 with support on 5
distinct points, one of which is non-reduced. To explain the correspondence,
call Q and C the quadric and cubic respectively, and M their intersection.
The correspondence follows from the diagram
Blx(Y )
π1
||①①
①①
①①
①①
①
π2
$$■
■■
■■
■■
■
Y
h
//❴❴❴❴❴❴❴❴❴ Pn−1
where π1 is the blowup map, π2 contracts the family of lines through x and
h is the projection from the marked node. The image of the exceptional
divisor π−11 (x) under π2 is the quadric Q, whereas π2 is the blowup of the
intersection M of Q with a cubic C. The sheaf IM (3) has n + 1 sections,
and this linear system induces the inverse rational map to h with image Y .
Starting with M , the blowup BlM (P
n−1) is singular at a point y, and the
strict transform of Q can be contracted to a point x, collinear to y, in a
cubic (n− 1)-fold Y with ordinary double points at x, y.
Now for x ∈ X a general point on a general line ℓ of second type, the
tangent hyperplane Y = TxX ∩ X will have a node at x and at precisely
one other point on ℓ from Remark 3.2. The corresponding (2, 3)-complete
intersection parametrises lines through x and will have precisely one ordinary
double point. As in the fourfold case, this implies the map p is birational,
or that the ramification of the map p : I → X is generically as simple as
possible along W .
4. Geometric constructions around the Voisin map
In this section we analyse further the maps φ,ψ of Section 2 and in par-
ticular elaborate on their fixed loci, loci of indeterminacy and the relation
to the locus S and ramification points of the two natural g13 ’s on the fibres
of p : I → X.
Lemma 4.1. Let Y ⊂ P4 be a cubic threefold with a node y ∈ Y and let Cy
be the sextic curve parametrising lines through y. For t ∈ Cy, we denote the
corresponding line by ℓt.
(1) The plane spanned by two lines ℓt1 , ℓt2 for t1, t2 ∈ Cy intersects Y
at a third line which passes through y if and only if t1, t2 are in the
same ruling of the quadric containing Cy. In this case the third line
is ℓt12 for t12 ∈ Cy the third point of intersection of Cy with that
ruling.
(2) The 2-plane spanned by ℓt and the tangent line to Cy at t intersects
Y at a line through y if and only if t is a ramification point of one
of the two g13’s that C possesses.
Proof. The first part is basically [CG72, Lemma 8.6], whereas the second
follows from the first. 
Proposition 4.2. Let X ⊂ P5 be a general cubic fourfold and x ∈ X. For
ξ a 0-dimensional subscheme of length 2 on Cx, i.e., ξ = t1 + t2 for two
possibly non-distinct points in Cx, the 2-plane spanned by ℓt1 , ℓt2 meets X
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at a line ℓt3 which passes through x if and only if t1, t2, t3 are a fibre of one
of the two g13’s on Cx.
Proof. Apply the previous lemma to the nodal cubic threefold Y = TxX∩X,
noting that such lines ℓti are contained in Y . 
Proposition 4.3. Let X ⊂ P5 be a general cubic fourfold. The map ψ :
F 99K X is a dominant rational map of degree 24.
Proof. Let x ∈ X be a general point. We want to count the number of
pairs (ℓ, ℓ′) of distinct lines through x such that the 2-plane spanned by ℓ, ℓ′
is tangent to ℓ. From Proposition 4.2 the number of such pairs is exactly
the number of ramification points of the two g13 ’s on Cx, which is 24. Each
contributes a distinct point as the ramification is simple at all points since
the curve Cx is Brill–Noether-general from Proposition 3.4. 
Remark 4.4. The case ℓ = ℓ′ corresponds to the case that a g13 on C has
a triple ramification point. On the other hand, when x is a cusp singularity
of its tangent hyperplane Y , then the quadric containing Cx is singular
[CML09, Corollary 3.2], the curve Cx is still smooth yet it possesses a unique
g13 [CML09, Corollary 3.3], so in this case the fibre of ψ contains 12 points,
i.e., is ramified over x, see Remark 4.8.
The above gives a birational model of the Fano variety as the ramification
locus of the g13 ’s in a curve-fibration of genus 4 over X.
Recall now that the Voisin map φ : F 99K F is resolved by blowing up the
locus S to give Diagram (3). The fibre of πES : ES → S over [ℓ] parametrises
the 2-planes tangent along [ℓ]. On the other hand, the map ψ : F˜ 99K X
(see Diagram (4)) is not defined on the strict transform V˜ of V in F˜ , and
after a further blow up Bl
V˜
(F˜ ) along this locus, we obtain a resolution of
ψ. The fibre in Bl
V˜
(F˜ ) over a point [ℓ] ∈ V˜ is the line ℓ itself. Overall we
have a diagram
B := BlV˜ (F˜ )
τ

ψ˜
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
F˜
ψ
//❴❴❴❴❴❴ X.
(7)
Proposition 4.5. Let X ⊂ P5 be a general cubic fourfold.
(1) For [ℓ] ∈ S and p ∈ ℓ, there are two 2-planes, tangent along ℓ,
whose residual line in X meets ℓ at p. In other words, the map
ψES : ES 99K W is two-to-one.
(2) If [ℓ] ∈ S ∩ V , then for any a ∈ ℓ there are two 2-planes Πℓ, Πa
tangent along ℓ so that Πℓ ∩ X = 3ℓ, and Πa ∩ X = 2ℓ + ℓ
′ with
ℓ ∩ ℓ′ = a
(3) The map ψES : ES 99K W is not defined along V˜ ∩ ES for V˜ the
strict transform of V in F˜ .
Proof. We assume that ℓ is a line of second type given by x2 = · · · = x5 = 0.
Then the equation of X takes the form (6). By Remark 3.2, at a point
[a : b : 0 : 0 : 0 : 0] of ℓ we have
∇F ([a : b : 0 : 0 : 0 : 0)] = 〈0, 0, a2, b2, 0, 0〉.
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The 3-plane H which is tangent to X along ℓ is ∩x∈ℓTxX and so is given
by the equations x2 = x3 = 0. The pencil of 2-planes Πλ,µ inside H which
contain ℓ is given by µx4 − λx5 = 0. The cubic surface X ∩H is given by
the equation
x0Q0(x4, x5) + x1Q1(x4, x5) + P (x4, x5) = 0,
where Q0(x4, x5) = Q0(0, 0, x4, x5) etc. The intersection of Πλ,µ with X is
then given by the equation
x0x
2
4Q0(λ, µ)+x1x
2
4Q1(λ, µ) + x
3
4P (λ, µ)
= x24 [x0Q0(λ, µ) + x1Q1(λ, µ) + x4P (λ, µ)] = 0,
and the solution x24 = 0 is the double line ℓ and x0Q0(λ, µ) + x1Q1(λ, µ) +
x4P (λ, µ) = 0 is the residual line ℓλ,µ (the equations take place in the
plane Πλ,µ). The intersection point of the residual line with ℓ is given
by x0Q0(λ, µ) + x1Q1(λ, µ) = 0. Since Q0, Q1 are quadrics, given a point
[x0 : x1] ∈ ℓ there are, in general, two pairs [λ, µ] which satisfy the above
equation which proves the first claim.
Consider now the equation
x0Q0(λ, µ) + x1Q1(λ, µ) = 0(8)
from above. For [ℓ] ∈ S, the points [λ, µ] of ES |[ℓ] = P
1 parametrise 2-planes
Πλ,µ tangent to ℓ and [x0, x1] are the coordinates of the intersection point
of the corresponding conjugate line ℓ′λ,µ with the line ℓ. The map ψES is
not defined exactly at the points of intersection of V˜ with ES . Observe also
that [ℓ] ∈ S is also contained in V if and only if there is [λ0, µ0] such that
the equation x0Q0(λ0, µ0)+x1Q1(λ0, µ0) = 0 is satisfied for any [x0, x1] ∈ ℓ.
This is equivalent to Q0(λ0, µ0) = 0 = Q1(λ0, µ0) and so,
Qi(λ, µ) = (λµ0 − µλ0)Li(λ, µ), with Li(λ, µ) = aiλ+ biµ, i = 0, 1.
Then Equation (8) becomes
(λµ0 − µλ0)(x0(a0λ+ b0µ) + x1(a1λ+ b1µ)) = 0.
Given then [x0, x1] ∈ ℓ ∈ S ∩ V , there are two 2-planes tangent to ℓ such
that the corresponding conjugate line ℓ′λ,µ intersects ℓ at [x0, x1], namely
the one corresponding to [λ, µ] = [λ0, µ0] (in which case ℓ
′
λ,µ = ℓ) and the
one corresponding to the solution [λ, µ] = [x0b0 + x1b1,−(x0a0 + x1a1)] of
the equation x0L0(λ, µ) + x1L1(λ, µ) = 0. So the rational map ψ restricted
to the fibre ES |[ℓ] over [ℓ] is not defined at [λ0, µ0] and is resolved by the
second blow up. Finally we remark that since V is smooth, the intersection
V˜ with ES is transverse. 
Geometrically, the first claim can be seen as follows. The second type
line ℓ corresponds to the node of Cp, the nodal genus four curve which
parametrises lines through p. A generic nodal genus four curve possesses two
g13 ’s and the fibre through the node of each one of these defines a conjugate
point. We thus have two conjugate points to the node which correspond to
the above two conjugate lines intersecting ℓ at the point p.
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Remark 4.6. If the line ℓ is of first type, the equation of the cubic fourfold
may take the form (5). At a point [a : b : 0 : 0 : 0 : 0] of ℓ we have
∇F ([a : b : 0 : 0 : 0 : 0)] = 〈0, 0, a2, ab, b2, 0〉
and the tangent 2-planeH along ℓ is given by the equations x2 = x3 = x4 = 0
(in H the line ℓ is given by the equation x5 = 0). The intersection H ∩X is
given by
x0Q0(x5)+x1Q1(x5) + P (x5)
= ax0x
2
5 + bx1x
2
5 + cx
3
5
= x25(ax0 + bx1 + cx5) = 0.
Here x25 = 0 is double the line ℓ and ax0 + bx1 + cx5 = 0 is the residual line
ℓ′. The intersection point of these two lines is given by ax0 + bx1 = 0, i.e.,
is [−b : a].
Remark 4.7. A further analysis of the local equations above also prove
that the morphism ψ˜ES : BlV˜ ∩ES (ES)→W is, for general ℓ ⊂W , branched
over the points of intersection of ℓ with the Hessian Hess(X) which are not
the two points at infinity.
Remark 4.8. For X ⊂ P5 a general cubic fourfold the branch locus of
the map ψ : F 99K X is the union of three divisors, the locus W of singular
fibres, the locus E3 of curves with a triple ramification point and the Hessian
Hess(X) of X, as seen from the following.
The points x ∈ Hess(X) are characterised by the fact that the correspond-
ing fibre Cx is given by the intersection in P
3 of a singular quadric with a
cubic surface. If x is general, the quadric is irreducible (i.e., a cone over a
conic) and the curve Cx has a unique g
1
3 and thus the number of ramification
points is, in general, 12. Note that the Hessian can in our case be interpreted
as the Eisenbud–Harris divisor of [EH87, Theorem 2], which is a divisor of
class 23 (51λ − 6[W ]) = 6HX . A general nodal arithmetic genus 4 curve has
two g13 ’s each of which corresponds to a g
1
3 on the normalisation with the two
preimages of the node lying on the same fibre. It has 10 ramifications points
and the node counts for 2 additional ones. Finally, over E3 the general g
1
3
has 10 simple and one triple ramification point.
Definition 4.9. Define the two morphisms ψ1, ψ2
B := Bl
V˜
(F˜ )
ψ1

ψ2
// I
I
so that for a ∈ B, ψ1(a) is the point ψ(a) as a point on ℓ for [ℓ] = (π◦τ)(a) ∈
F itself (see Diagram 7), and ψ2(a) is ψ(a) as a point on the line residual
to ℓ respectively.
Lemma 4.10. Let X ⊂ P5 be a general cubic fourfold. The induced mor-
phism
B := Bl
V˜
(F˜ )
(ψ1,ψ2)
−−−−→ I ×X I
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is the normalisation of its image and bijective to it.
Proof. It suffices to prove that (ψ1, ψ2) is 1-to-1 onto its image, since then
Zariski’s Main Theorem gives that B is isomorphic to the normalisation. To
prove the bijection, we argue geometrically over the various loci.
Note first that if ρ : B → F is the composition of the two blowups, we
have
(ψ1, ψ2)(a) ∈ q
−1(ρ(a))×X q
−1(φ(a)).
In particular, if a, b have the same image under (ψ1, ψ2) then they are in
the same fibre of the blowup map, i.e., ρ(a) = ρ(b), and they have the same
conjugate line, i.e., φ(a) = φ(b). We immediately obtain that if ρ(a) =
ρ(b) = [ℓ] ∈ F\(S ∪ V ) then a = b = [ℓ] ∈ F\(S ∪ V ). Let now C = V ∩ S,
which as proved in Proposition 7.1 is smooth and 1-dimensional, and assume
as above that a, b ∈ B have the same image under (ψ1, ψ2) and [ℓ] := ρ(a) =
ρ(b).
If [ℓ] ∈ V \C then φ(a) = φ(b) = [ℓ] and for i = 1, 2, ψi restricted to the
fiber over [ℓ] is the identity since we have identified the fiber with q−1[ℓ],
giving a = b. If [ℓ] ∈ S\C, then φ restricted to the fiber over [ℓ] is a bijection
since the points on the fibre parametrise distinct conjugate lines to the line
ℓ, and thus φ(a) = φ(b) implies a = b. Finally, if [ℓ] ∈ C then the fibre over
[ℓ] is a union of two rational curves R1 ∪ R2, with R1 ⊂ E˜S and R2 ⊂ EV˜ .
On R1 the map φ is a bijection whereas on R2 the map ψ1 = ψ2 is the
identity (as above) so again a = b. Note that if a ∈ R1\R2 and b ∈ R2, then
φ(b) = [ℓ] and φ(a) 6= [ℓ], because the only point on R1 that has conjugate
line [ℓ] is the intersection point of R1 and R2. 
As I×X I is singular and we do not, e.g., know that the image of (ψ1, ψ2)
is normal, it is not clear that the above morphism is a closed embedding.
See Remark 5.7 in the next section for a discussion about this.
5. Geometry of the ramification loci
Throughout this section X ⊂ P5 will be a general smooth cubic fourfold.
Recall from Section 2 that we denote the universal family of second type
lines by Σp, which by Lemma 3.1 is also the singular locus of the morphism
p : P(UF )→ X, i.e.,
Σp := P(US) = Sing(p).
Consider the fibre product I2 := I ×X I with the two projections
I2
u1
//
v1

I

I // X.
The 6-dimensional variety I2 is singular along the 3-dimensional product
Σp ×X Σp. Note now that the diagonal
δ : I ∼= ∆ →֒ I2
is a Cartier divisor outside the singular locus Σp. Hence when we blow up I
2
along the diagonal ∆ ∼= I this will only affect the singular locus Σp. Denote
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by
π : J → I2
this blowup.
To understand this blowup, we must now restrict this family of curves to
the locus of 1-nodal curves, so we begin by explaining its complement in the
singular locus.
Proposition 3.4 implies that if W ′ ⊂W is the closure of the set
{x ∈ X : Cx has worse than irreducible 1-nodal singularities}
then W ′ has codimension at least 2 in X and the locus of singular points in
the fibres above W ′ is then contained in a closed codimension 3 subvariety
Is ⊂ I. We denote its complement by
Io := I \ Is.
For the purposes of the next section, it will suffice to work with Io and we
will soon replace I by this quasi-projective variety to simplify the notation.
For now, whenever we refer to p, q,Σp, S etc., as in Section 2, with regards
to Io, we will tacitly assume that we are referring to the restriction of these
morphisms or loci to the open set Io ⊂ I.
Outside the locus Is ×X Is of I
2 and outside the corresponding inverse
image π−1(Is ×X Is) of J , the blowup π : J → I
2 described above, is as
in [Ran05] (see also [EH00, Exercise IV-30]). The quasi-projective variety
Jo := J\π
−1(Is ×X Is) is smooth and maps via π to the quasi-projective
variety I2o := I
2\(Is ×X Is). Let u = u1 ◦ π, v = v1 ◦ π : J → I be the two
projection maps. We will denote by Ju resp., Jv the complement of u
−1(Is)
resp., v−1(Is), in J . Note that Ju ⊂ Jo. The exceptional divisor π
−1(∆)
restricted to Ju coincides with the restriction ∆˜ of the proper transform of
the diagonal. It is isomorphic to the restriction of the blow up πI : I˜ → I
along Σp to Io. The exceptional locus E restricted to Ju is contained in
∆˜ and is isomorphic to a P1-fibration over Σp. We denote by EI ∼= E the
corresponding exceptional divisor in I˜. We keep the notation u : Ju → Io for
the restriction of u to Ju, noting that the morphisms u : Ju → Io, v : Jv → Io
are proper curve fibrations.
Defining I2u := Io×X I (resp. I
2
v := I×X Io), we have the following diagram
I˜o

 δ˜
//
πIo

Ju
π

u
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
Io

 δ
// I2u
u1
// Io,
and analogously for Jv . We describe now in more detail the fibres of u over
Io. The fibre Γa ⊂ Ju of the map u (or of v in Jv) over a point a ∈ Io \Σp is
isomorphic to Cx for x = p(a), and over a point a ∈ Σp it is isomorphic to
the union of C˜x, the blow-up of Cx for x = p(a), and an exceptional curve
Ea meeting C˜x at the two preimages a1, a2 of the point a (recall that we
have removed the locus Is of singularities that are worse than irreducible
1-nodal). Note that, in the latter case, the union is still Cohen–Macaulay
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and so duality holds for Γa, with dualising sheaf ωΓa the line bundle which
restricts to ωC˜x(a1 + a2) on C˜x and is trivial on Ea.
We will first need the following.
Lemma 5.1. We have the following isomorphisms of line bundles
(1) ωu = v
∗ωp on Ju,
(2) δ˜∗ωu = π
∗
Iωp on I˜o,
(3) δ˜∗∆˜ = EI − π
∗
Iωp on I˜o.
Proof. The first is due to the fact that ωu is trivial on the fibres of E and
hence is the pull back of ωu1 = v
∗
1ωp from I
2. For the second, we have
uδ˜ = vδ˜ = πI and so δ˜
∗ωu = δ˜
∗v∗ωp = π
∗
Iωp. For the third, note first that
K
I˜
= π∗IKI + EI . We then have by adjunction that KI˜ = δ˜
∗KJ + δ˜
∗∆˜.
Letting p˜ = pu = pv we have ωp˜ = u
∗ωp + v
∗ωp and so KJ = u
∗KI + v
∗ωp.
Therefore the following equality implies the result
π∗IKI + EI = δ˜
∗u∗KI + δ˜
∗v∗ωp + δ˜
∗∆˜
= π∗IKI + π
∗
Iωp + δ˜
∗∆˜. 
Definition 5.2. For ωu the line bundle det(Ω
1
u), we define on Ju the line
bundle L and the natural map Φ as follows
L := ωu(−2∆˜)
Φ : u∗u∗L → L.
Proposition 5.3. The coherent sheaf u∗L on Io is reflexive and its fibre
over a is isomorphic to H0(Γa, ωΓa(−2a)) for a ∈ Io outside a closed subset
of codimension 3 in I, hence is locally free of rank 2 there. On the other
hand R1u∗L is the trivial line bundle in codimension 3.
Proof. That u∗L is coherent and reflexive follows from [Har80, Corollary
1.7]. Note that the fibre of u∗L over a ∈ X is contained in H
0(Γa,L|Γa).
To see where equality holds we have to examine when h0(Γa,L|Γa)) = 2 so
by duality we have to examine when h0(Γa,O(2∆)|Γa)) = 1. In fact we will
show that the latter holds outside a closed locus of codimension at least 3.
Grauert’s Theorem then implies that both u∗L and R
1u∗L are locally free
of rank two and one respectively. In fact we will show that R1u∗L is the
trivial line bundle outside this locus, which implies that c1(R
1u∗L) = 0 =
c2(R
1u∗L).
If a ∈ I \ Σp then h
0(Γa,O(2∆˜)|Γa)) = h
0(Cx,O(2a)). Let H ⊂ X be
the hyperelliptic locus of the fibration p. Since a (2, 3)-intersection can only
be hyperelliptic when the quadric is a cone and the curve is singular and
passes through the vertex, we see that for Cx this can only be the case when
x ∈ W ∩ Hess(X), which is a codimension 2 locus in X. Let Hr ⊂ I the
ramification locus of the fibres over H; this is a codimension 3 locus in I
(recall that the hyperelliptic map is unique).
When a ∈ Σp, O(∆˜) restricts to O(a1+a2) on C˜x and is O(−b) on Ea ∼= P
1
for some b ∈ Ea. To see the latter, note that ∆˜|Ea equals δ˜
∗∆˜|Ea on I˜, but
δ˜∗∆˜|Ea = EI |Ea from Lemma 5.1 and the claim follows by the fact that I˜ is
the blow up of the smooth variety I along the smooth subvariety Σp. The
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space H0(C˜x,O(2a1 +2a2)) is 2-dimensional on an open part of Σp, indeed,
this is not the case exactly when K
C˜x
= O(2a1 + 2a2). From Proposition
3.4, the general point of Σp represents a curve with one node constructed
by gluing a Brill–Noether general genus 3 curve C˜x at two general points
a1, a2 and so the sum 2a1+2a2 is not rationally equivalent to KC˜x . Sections
of H0(Γa,O(2∆˜)|Γa)) restrict to the zero section on Ea and to a section of
H0(C˜x,O(2a1+2a2)) which vanish at both a1, a2. There is exactly one such
section (up to multiplication by a constant), namely the one with vanishing
locus the divisor 2a1 + 2a2. Therefore, h
0(Γa,O(2∆˜)|Γa)) = 1 and the fibre
of u∗L over such a’s is isomorphic to H
0(Γa, ωΓa(−2a)).
In conclusion, the fibre of u∗L is isomorphic to H
0(Γa,L|Γa) and is 2-
dimensional outside a codimension 3 locus. Analogously, the fibre of R1u∗L
is of constant dimension 1 there, hence R1u∗L is a line bundle isomorphic
by relative duality to u∗O(2∆˜)
∨. The sheaf u∗O(2∆˜) is the trivial line
bundle outside a codimension 3 locus since the section 2∆˜ does not vanish
on an entire fibre and hence induces a nowhere zero section of u∗O(2∆˜). In
conclusion, R1u∗L is also the trivial line bundle over the same locus. 
Consider now the degeneracy locus of Φ, i.e., the locus where the map
drops rank. With the aim of understanding this degeneracy locus as best
possible, denote now I ′o ⊂ Io the complement of the codimension 3 locus
described in the proof above.
Lemma 5.4. The map Φ is generically onto and its degeneracy locus, de-
noted by Tu, is the closure of the set
{(a, b) : 2a+ b ∈ g13} ⊂ Ju
defined over I ′o.
Proof. Let (a, b) ∈ J and denote Γa as above. The induced map on fibres is
Φ(a,b) : H
0(Γa, ωΓa(−2a))→ (ωΓa(−2a))b ⊗ κ(b).
The result now follows as b is a base point of ωΓa(−2a) if and only if 2a+ b
is a g13 . 
The locus Tu and its closure T in J , along with the following loci will be
of central importance to this and the following section.
Definition 5.5. Consider the following subsets of I ′o
R1 = {a ∈ I ′o : ∃ b with 2a+ b ∈ g
1
3 on Cp(a)},
R′1 = {b ∈ I ′o : ∃ a with 2a+ b ∈ g
1
3 on Cp(a)},
N1 = {a ∈ I ′o : 3a ∈ g
1
3 on Cp(a)},
parametrising the ramification points, the residual to the ramification points
and the triple ramification points respectively to either of the two g13 ’s of
the smooth curves Cx. We denote by R,R
′, N their Zariski-closures in I.
To describe the geometry of the above loci, observe that restricting the
morphism q : I → F to the locus R defines a birational morphism and since
a singularity of Cx is a ramification point of one of the g
1
3 ’s we get Σp ⊂ R,
so the locus Σp gets contracted to S via this morphism. Moreover, N is
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the preimage of V by q, reflecting the fact (see Lemma 4.1 and Proposition
4.2) that if the conjugate line of a line ℓ coincides with ℓ, then this induces
a triple ramification point to each member of the family of curves Cx for
x ∈ ℓ. Finally, R′ is the locus of conjugate lines and q restricted to R′ is a
generically finite map of degree 16, which is the degree of the Voisin map
(cf. Corollary 6.5).
The following equalities follow now immediately from the geometric de-
scription given above
u(T ) = R,
v(T ) = R′.
A general point x ∈ R corresponds to a unique point (x, x′) ∈ T , i.e., 2x+x′
is a g13 on Cp(x). This gives immediately that T , R and hence also F are
birational. Recall the following morphism from Lemma 4.10
(ψ1, ψ2) : B → I
2.
From the description of the map given in Lemma 4.10 we see that (ψ1, ψ2)(B) =
π(T ) and hence its projection under u1 is R. The setup can be summarised
by the following diagram
T



// J
π

B
(ψ1,ψ2)
// π(T ) 

//

I2.
u1

R 

// I.
Proposition 5.6. The variety R is irreducible and is smooth outside Σp.
The morphism ψ1 = u1 ◦ (ψ1, ψ2) : B → R is its normalisation and at a
generic point of Σp, R has normal crossing singularities and the morphism
is of degree two over Σp.
Proof. Since R is the image of B under ψ1, it is irreducible. Consider now
ρ : B → F the blowup map and let Iρ := P(ρ
∗UF ) the pullback of q : I → F .
Then Iρ is the blowup of I first at Σp and then at the strict transform of
N = q−1(V ) and we have the pullback diagram
Iρ
ρ˜
//
q˜

I
q

B
ρ
// F.
The morphism ψ1 induces a morphism σρ : B → Iρ, and by construction the
image meets a fibre of q˜ in one point so is smooth, proving that σp is a section
of q˜. In other words, ψ1 = ρ˜ ◦ σρ. Since ψ1(B) = R, this implies that R is
smooth outside the exceptional locus S∪V . On the other hand, as described
before Proposition 4.5, above a point b ∈ V we have q−1(b) = ρ−1(b), hence
σρ(B) meets a fibre of ρ˜ above a point in N in one point, so the image R is
smooth along N . Similarly, σρ(B) meets a fibre of ρ˜ above a point in Σp at
two points from Proposition 4.5. In conclusion R is singular along Σp as the
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map σρ(B)|E˜S → Σp is two to one, and smooth otherwise. A local analysis
of blowups along codimension 2 loci now gives that R has normal crossings
along an open part of Σp and that its normalisation is B, with degree 2 over
the locus Σp. 
Remark 5.7. We expect that the above morphism (ψ1, ψ2) is a closed em-
bedding B → I2 = I ×X I (i.e., without removing the singular points Is)
with image isomorphic to T , although so far only a bijection on points was
achieved in Lemma 4.10. Proving this would likely require a study of the
singularities of π(T ) and a full classification of the singularity types of fibres
of p : I → X (cf. Proposition 3.4 and Remark 3.5), since knowing these
would allow for an explicit resolution of singularities J˜ of I2, in which the
degeneracy locus of Φ could be defined and would be Cohen–Macaulay, nor-
mal and in bijection to B, hence smooth and isomorphic to B by Zariski’s
Main Theorem.
The importance of the correspondence T can also be seen by noting the
following. The morphism (q ◦ u)|T : T → F is a birational morphism with
φ ◦ (q ◦ u)|T = (q ◦ v)|T hence, (q ◦ v)|T : T → F resolves the Voisin map.
This can be used for example to calculate pullbacks of cycles on F : given a
cycle x on F , we have φ∗x = (q ◦u)∗((q ◦ v)
∗x ·T ), see [SV12, §4], which can
now be computed since we know the class of T in J . In this way one can
recover the corresponding calculations in Amerik’s paper [Ame11].
6. Intersection theory
We continue the work of the previous section with a numerical study of
the loci R,R′ and T . For technical reasons and as it does not affect the
computation of the classes, we make the following notational convention.
Convention 6.1. Replace I, J by Io, Ju respectively whenever we are deal-
ing with the proper pushforwards u∗, u1,∗ and with Io, Jv when dealing with
v∗, v1,∗.
We give a short explanation of the above. Pushforwards and pullbacks of
cycles from F,X to I will all be of codimension up to 2 and can avoid the
codimension 3 locus Is, meaning we may as well consider them on I itself.
Intersection theory of cycles on a quasi-projective variety is as in [Har80,
Appendix A, Theorem 1.1], [Ful98] and often in passing from cycles from
Io to I, for example in the expression p∗u∗ : CH(Ju) → CH(X), we tacitly
use the localisation sequence [Ful98, Proposition 1.8] in uniquely extending
a cycle from Io to I (e.g., if the codimension of the complement Is is larger
than that of the cycle or if the offending locus is contracted by u).
The main theorem of this section is the following computation.
Theorem 6.2. The classes of R,R′, N in CH(I) are
[R] = 4q∗HF + l,
[R′] = 4q∗HF + 16l,
[N ] = 4l2 − 4lq∗HF + 25q
∗c2(UF ).
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We note that the coefficients in the above have particularly nice geometric
meaning, for example as we will see in Corollary 6.5, [R′]l = 16 is the degree
of the Voisin map.
Proposition 6.3. We have the following equalities in CH(I)
c1(u∗L) = −3c1(ωp) + p
∗λ,
c2(u∗L) = 7c
2
1(ωp)− 3c1(ωp)p
∗λ+
p∗λ2
2
− 15
p∗H2X
2
− [Σp].
Proof. We apply Grothendieck–Riemann–Roch to the pair (u,L)
ch(u!L) = u∗(ch(L)td(ω
∨
u )).
Note that c1(Ω
1
u) = c1(ωu), with ωu = u
∗ωp and also that c2(Ω
1
u) = [Σu]
with Σu the singular locus of the fibration u. We have
ch(u∗L)− ch(R
1u∗L) = u∗
(
(1 + c1(L) +
c21(L)
2
+
c31(L)
6
+ · · · )
(1−
c1(ωu)
2
+
c21(ωu) + [Σu]
12
−
c1(ωu)[Σu]
24
+ · · · )
)
.
Since from Proposition 5.3 chi(R
1u∗L) = 0 for i = 1, 2 we thus obtain
ch1(u∗L) = 2u∗([∆˜]
2)− u∗(c1(ωu)[∆˜]) + u∗
(
c21(ωu) + [Σu]
12
)
,
ch2(u∗L)] =− u∗
(
c21(ωu)[∆˜]
6
)
+ u∗(c1(ωu)[∆˜]
2)− u∗
(
4[∆˜]3
3
)
+ u∗
(
c1(ωu)[Σu]
24
)
− u∗
(
[Σu][∆˜]
6
)
.
Note that u∗v
∗ = p∗p∗. Using Lemmas 2.5 and 5.1, we collect the following
intersections
u∗[∆˜]
2 = v∗[∆˜]
2 = u∗δ˜∗δ˜
∗[∆˜] = π∗δ˜
∗[∆˜] = π∗([EI ]− π
∗c1(ωp)) = −c1(ωp),
u∗(c1(ωu)[∆˜]) = u∗δ˜∗δ˜
∗c1(ωu) = π∗δ˜
∗c1(ωu) = π∗δ˜
∗v∗c1(ωp) = π∗π
∗c1(ωp) = c1(ωp),
u∗c
2
1(ωu) = u∗v
∗c21(ωp) = p
∗p∗c
2
1(ωp) = p
∗κ1,
u∗[Σu] = p
∗[W ],
u∗[∆˜]
3 = π∗δ˜
∗[∆˜]2 = π∗([EI ]− π
∗c1(ωp))
2 = −[Σp] + c
2
1(ωp),
u∗(c
2
1(ωu)[∆˜]) = π∗δ˜
∗c21(ωu) = π∗δ˜
∗v∗c21(ωp) = π∗π
∗c21(ωp) = c
2
1(ωp),
u∗(c1(ωu)[∆˜]
2) = π∗δ˜
∗(c1(ωu)[∆˜]) = π∗(π
∗c1(ωp)([EI ]− π
∗c1(ωp)) = −c
2
1(ωp),
u∗([∆˜][Σu]) = 2[Σp],
u∗(c1(ωu)[Σu]) = p
∗p∗(c1(ωp)[Σp]) = 180p
∗H2X ,
where for the last one, note that c1(ωu)[Σu] = v
∗(c1(ωp)[Σp]) as c1(ωu) =
v∗c1(ωp), [Σu] = v
∗[Σp] − [E], and ωu|E = O. For the second to last one,
above a point a ∈ Σp, ∆˜ intersects Σu in two points a1, a2 whereas outside
Σp there is no intersection. For the fifth and the seventh we used that
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π∗[EI ]
2 = −[Σp] and π∗((π
∗α)[EI ]) = 0, since π∗[EI ] = 0. Note now that
from 12λ = κ1 + [W ] (see [HM98, 3.110]) we have
u∗c
2
1(L) = 12p
∗λ− p∗[W ]− 8ωp.
Therefore
c1(u∗L) = ch1(u∗L) = −3c1(ωp) + p
∗λ,
ch2(u∗L) =−
5c21(ωp)
2
+
15p∗H2X
2
+ [Σp],
giving
c2(u∗L) = 7c
2
1(ωp)− 3c1(ωp)p
∗λ+
p∗λ2
2
−
15p∗H2X
2
− [Σp]. 
Proof of Theorem 6.2. By the Porteous formula, the degeneracy locus T is
given by
[T ] = c2((u
∗u∗L)
∨ ⊗ L)
= u∗c2(u∗L)− u
∗c1(u∗L) c1(L) + c
2
1(L).
Note that the locus T does not contain E nor the component u−1(Σp)\E. As
u restricted to a section of L surjects onto I and the degree of L restricted
to a fibre is 4, we have u∗c1(L) = 4[1I ] which along with the projection
formula gives
u∗([T ]) = 0− 4(−3ωp + p
∗λ) + (12p∗λ− p∗[W ]− 8ωp)
= 4ωp + 8p
∗λ− p∗[W ].
This formula for [R] is also obtained in a different way in Proposition A.1.
To find v∗([T ]) we note that v∗u
∗ = p∗p∗ and also that
v∗(u
∗c1(ωp) c1(ωu)) = v∗u
∗c1(ωp) c1(ωp) = p
∗p∗c1(ωp) c1(ωp)
= 6c1(ωp),
v∗(u
∗c1(ωp) [∆˜]) = v∗δ˜∗δ˜
∗u∗c1(ωp) = π∗π
∗c1(ωp) = c1(ωp),
v∗(c1(ωu)u
∗p∗λ) = c1(ωp) v∗u
∗(p∗λ) = c1(ωp) p
∗p∗(p
∗λ) = 0,
v∗([∆˜]u
∗p∗λ) = v∗δ˜∗δ˜
∗u∗p∗λ = p∗λ,
v∗u
∗[Σp] = p
∗[W ].
Therefore
v∗u
∗c2(u∗L) = p
∗p∗c2(u∗L) = 7 p
∗κ1 − 18p
∗λ− p∗[W ]
= 66p∗λ− 8p∗[W ],
v∗(u
∗c1(u∗L) c1(L)) = −12p
∗c1(ωp)− 2p
∗λ,
v∗c
2
1(L) = v∗c
2
1(ωu)− 4v∗(c1(ωu)[∆˜]) + 4v∗[∆˜]
2
= −8c1(ωp).
Putting everything together gives the formula for [R′], which can be inde-
pendently obtained like in Proposition A.1.
The locus N = u∗([T ][∆˜]) = u∗δ˜∗δ˜
∗[T ] = π∗δ˜
∗[T ]. We have
N = π∗δ˜
∗u∗c2(u∗L)− π∗(δ˜
∗u∗c1(u∗L)δ˜
∗c1(L)) + π∗δ˜
∗c21(L)
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= c2(u∗L)− c1(u∗L)π∗δ˜
∗c1(L) + π∗δ˜
∗c21(L).
By Lemma 5.1 we have
π∗δ˜
∗c1(L) = π∗(π
∗c1(ωp)− 2[EI ] + 2π
∗c1(ωp)) = 3c1(ωp).
π∗δ˜
∗c21(L) = π∗(9π
∗c21(ωp)− 12c1(ωp)[EI ] + 4π
∗[EI ]
2) = 9c21(ωp)− 4[Σp].
Putting things together form above leads to
[N ] = 25c21(ωp)− 6c1(ωp)p
∗λ+
p∗λ2
2
− 15
p∗H2X
2
− 5[Σp].
Lemma 2.5 gives the final description of the classes. 
Remark 6.4. From Lemma 2.5 we have
q∗(c
2
1(ωp)) = q∗(q
∗H2F + 2lq
∗HF + l
2) = 3HF ,
q∗(c1(ωp) p
∗λ) = 9q∗((q
∗HF + l)l) = 18HF ,
q∗
(
p∗λ2
2
− 15
p∗H2X
2
)
= q∗(33p
∗H2X) = 33HF ,
p∗(c1(ωp)[Σp]) = 180H
2
F q∗[Σp] = 0.
One checks then that q∗[N ] = 0 as expected, i.e., [N ] = q
∗[V ]. This is
because when a line is self-conjugate, then through any point of the line
there passes a self-conjugate line (the line itself!).
The following was proven by Voisin in [Voi04] but can be recovered more
geometrically from Theorem 6.2 by noting that for [ℓ] ∈ F we have q∗[ℓ][R] =
1 and q∗[ℓ][R′] = 16.
Corollary 6.5. The degree of the Voisin map φ : F 99K F is 16.
7. The surface V
In this section we will prove, using the results of the previous section,
that if X ⊂ P5 is a general cubic fourfold, then the locus of triple lines V is
a smooth and irreducible surface, and we compute its class. First, we will
need the following statement which is proved independently of other results
in this paper.
Proposition 7.1. Let X ⊂ P5 be a general cubic fourfold and V ⊂ F the
locus of lines ℓ ⊂ X so that there is a P2 with P2 ∩ X = 3ℓ, i.e., the fixed
locus of the Voisin map, and S ⊂ F the locus of lines of second type. Then V
is smooth and 2-dimensional and C := V ∩ S is smooth and 1-dimensional.
Proof. We begin by noting that the space
G = {(L,Π) : L ⊂ Π} ⊂ G(2, 6) ×G(3, 6).
is smooth and irreducible of dimension 11 as it is a P2-fibration under the
projection to G(3, 6). Let
X :={(V(F ), (L,Π)) : V(F ) ∩Π = L} ⊂ |OP5(3)| × G
Y :={(V(F ), (L,Π)) : V(F ) ∩Π = L is of second type} ⊂ X .
Since any pair (L,Π) can be mapped to any other such pair under a projec-
tive transformation, all fibres of the projection pr2 : X → G are isomorphic.
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Similarly all fibres of Y under pr2 are isomorphic, since a projective transfor-
mation takes a second type line to a second type line as for example L ⊂ X
being of second type is equivalent to H1(L,NL/X(−1)) 6= 0. To determine
one such fibre, we suppose that
Π = V(x0, x1, x2) and L = V(x0, x1, x2, x3).
Then F ∈ pr−12 ((L,Π)) ⊂ X if and only if
F = x0Q0(x0, . . . , x5) + x1Q1(x1, . . . , x5) + x2Q2(x2, . . . , x5) + cx
3
3.(9)
Therefore
X ⊃ pr−12 (L,Π)
∼= P46,
where 46 =
(7
2
)
+
(6
2
)
+
(5
2
)
accounts for the coefficients of Q0, Q1, Q2. Note
that when c = 0 we get the degenerate case where the plane Π is contained in
the cubic fourfold. Therefore pr2 is a P
46-bundle over the smooth irreducible
G, and hence X is also smooth irreducible. By generic smoothness, the
generic fibre of the other projection
pr1 : X → |OP5(3)| = P
55
is smooth and a dimension count gives that it is 2-dimensional.
On the other hand, L being of second type is equivalent to
〈∂iF |L〉 ⊂ H
0(L,O(2))
being 2-dimensional (instead of 3-dimensional which is the generic case).
Using the equations for L,Π and F from (9) above, we see that
〈∂iF |L〉 = 〈Q0(0, 0, 0, 0, x4 , x5), Q1(0, 0, 0, x4, x5), Q2(0, 0, x4, x5)〉.
Since three quadrics in two variables are linearly dependent if and only if
the determinant of the corresponding 3 × 3 matrix vanishes, we see that
this imposes one extra condition. Hence S ∩ V is 1-dimensional. Just as in
[Huy20, Proof of Proposition 3.1.31], one can see that the fibre of pr1 over a
smooth cubic fourfold does not meet M1 (the locus where the quadrics span
an at most 1-dimensional subspace) the singular locus of the fibres of pr2,
since pr1(M1) ∈ |OP5(3)| corresponds necessarily to singular cubics. Finally,
similarly to the case of X , by generic smoothness of pr1 : Y → P
55 we get
that S ∩ V is also smooth for the generic cubic fourfold. 
We prove now that V is irreducible too, as a consequence of the compu-
tation of its class.
Theorem 7.2. The locus V of triple lines has class
[V ] = 21c2(UF ).
If X is general, V a smooth irreducible surface which is Lagrangian with
respect to the non-degenerate 2-form of F .
Proof. The class is obtained from Theorem 6.2, by computing q∗([N ]l), not-
ing that for si(UF ) the Segre classes of UF , we have
s1(UF ) = HF ,
s2(UF ) = H
2
F − c2(UF ),
si(UF )α = q∗(l
i+1q∗α) for a class α.
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As [V ] is a multiple of c2(UF ) its class is extremal in the 2-dimensional
cone Pseff2(F ) the closure of the effective cone of 2-cycles in F (see [Voi10,
Proposition 2.4] and Lemma 1.1 loc. cit. for why it is Lagrangian), hence
each irreducible component of V will have class nc2(UF ) for some n > 0.
Since c2(UF )
2 = 27, any two components will intersect, which contradicts
the smoothness of Proposition 7.1. This proves V is irreducible also. 
Remark 7.3. It would be desirable to have V defined as a degeneracy locus
in F . This would in particular lead to the computation of its invariants.
8. Hodge numbers of the surface of second type lines
In Theorem 2.3, we described how S is given as the degeneracy locus of
the map
f : Sym2 UF → Q
∗
F .
Restricting to S we thus have the following sequence of vector bundles
0→ K → Sym2 US
f |S
−−→ Q∗S → C → 0(10)
where K is a line bundle and C of rank 2. Note that there is a formula for
the normal bundle of a degeneracy locus in [HT84, §3] giving
NS/F = K
∗ ⊗ C.
The map f is generically injective when considered on F , hence injective
and Amerik [Ame11, §2] has constructed the following resolution of the ideal
sheaf IS of S ⊂ F
0→ Sym2 UF (−2H)→Q
∗
F (−2H)→ IS → 0.(11)
A short explanation is in order concerning the above. The cokernel of f
is torsion-free by noting that the degeneracy locus S does not have any
divisorial components (see the local computations of [Fri98, p.32-32]). From
this one obtains coker(f) = M ⊗ IS for some line bundle M , and an Euler
characteristic computation in [Ame11] gives M = 2H.
Proposition 8.1. For S the surface parametrising lines of second type on
a cubic fourfold X we have
(1) K2S = 2835,
(2) χ(OS) = 450.
Proof. As c1(KS) = 3HS ∈ H
2(S,Q) and H2S = 315 from [OSY18, Lemma
3.1], we compute that K2S = 2835. To simplify notation for this proof we
denote by
E := Q∗F ,
F := Sym2 UF .
To compute χ(OS) we compute first the Chern numbers of K and C. For
this we use the Harris–Tu formula [HT84], although we follow the notation
of [Pra88]. We denote the Segre polynomial
st(E − F) :=
∑
sk(E − F)t
k := st(E)ct(F)
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where st(E), ct(F) are the Segre and Chern polynomials of E and F respec-
tively. Written in terms of the standard Schubert cycles σi := ci(Q) on
G(2, 6) we have∑
sk(E − F)t
k = 1− 2σ1t+ (4σ
2
1 − 5σ2)t
2 + (σ1σ2 + σ3)t
3+
(2σ22 − 4σ1σ3 + 2σ4)t
4 + (−4σ2σ3 + 4σ1σ4)t
5,
and in what follows we denote by si := si(E − F). For a partition I =
(i1, i2, . . .) we denote by
sI(E − F) := det
[
(sip−p+q)p,q
]
so now [Pra88, Example 5.4] (note there are some typos fixed in a later
paper) gives the following intersection numbers, all taking place on F , i.e.,
intersected with [F ] from (1)
c2(C) = s(2,2)(E − F) = (s
2
2 − s1s3) = 495,
c21(C) = (s(3,1) + s(2,2)) = (s1s3 − s4) = −180,
c21(K) = (s(1,1,2) + s(1,1,1,1)) = (s
4
1 − 3s
2
1s2 + 2s1s3 + s
2
2 − s4) = 315.
From the tangent sequence of S ⊂ F and the fact that KF = 0 we obtain
3HS = c1(KS) = c1(N) = −2c1(K) + c1(C)
from which c1(K)c1(C) = −315 and hence c2(NS/F ) = 1125. On the other
hand from the tangent sequence of F ⊂ G(2, 6)
0→ TF → Q⊗ U
∗ → Sym3 U∗ → 0
we have c2(TF ) = −3σ
2
1 |F + 8σ2|F , giving
c2(TS) = c2(TF )[S]− c2(NS/F )− c1(TS)c1(NS/F ) = 2565.
From the Noether formula we compute now
χ(OS) =
1
12
(c1(TS)
2 + c2(TS)) = 450. 
Remark 8.2. Using the fact that S is isomorphic to S′ a section of the
vector bundle E = π∗Q∨F ⊗OP(Sym2 UF )(1) on π : P(Sym
2 UF )→ F , we have
from [FP98, p.54] the formula
χtop(S) =
∫
S
ctop(E)c(E)
−1c(P(Sym2 UF ))
which can also be used to compute χ(OS). In fact, recently Huybrechts
[Huy20, Proposition 6.2.28] has studied the ideal sheaf IS′ , proving that
Sequence (10) on S is in fact
0→ L→ Sym2 US → Q
∗
S → NS/F ⊗ L→ 0(12)
for a line bundle L satisfying −2L = 2HS . From this one can, by taking
Euler characteristics, also obtain that χ(OS) = 450. Studying cohomological
vanishing on P(Sym2 UF ) he also obtains h
0(S,OS) = h
1(S,OS) = 0 like we
do in what follows.
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Our aim now is to compute q = h1(S,OS) or pg, noting that
χ(S,OS) = 1− q + pg
so one determines the other from the above computation. This will be
achieved by computing cohomology from Sequence (11). As F is the van-
ishing of a section of Sym3 U∗, we can consider the Koszul resolution
0→ ∧4 Sym3 U → · · · → Sym3 U → OG(2,6) → OF → 0(13)
from which it becomes clear that in order to compute groups such as
Hi(F,Sym2 UF (H))
we will need to compute the groups
Hi(G(2, 6),∧p Sym3 U ⊗ (Sym2 U)(H)).
This is achieved using the Borel–Weil–Bott Theorem in Appendix B.
Theorem 8.3. The Hodge numbers of S are as follows
h1,0 = q = 0
h2,0 = pg = 449
h1,1 = 1665.
Also, PicS ∼= NS(S) and Picτ S 6= 0, i.e., S has torsion in the Ne´ron–Severi
group and has finite yet non-trivial fundamental group.
Proof. Tensoring Sequence (13) with Sym2 U(tH) and Q∗(tH) and using the
hypercohomology spectral sequence [Laz04, B.1.5] we obtain the following
second quadrant spectral sequences
Ep,q1 = H
q(∧−p Sym3 U ⊗ (Sym2 U)(tH))⇒ Hp+q(F,Sym2 UF (tH)),
Ep,q1 = H
q(∧−p Sym3 U ⊗Q∗(tH))⇒ Hp+q(F,Q∗F (tH)).
From Proposition B.1 for t = −2 and the first spectral sequence, we have
that
d−4,8 : E
−4,8
1 → E
−3,8
1
is the only non-trivial differential between the only two non-trivial terms
of the E1-page. Since H
5(F, (Sym2 UF )(−2H)) = 0 as dimF = 4, it must
be that E−3,8∞ = 0 and so that d−4,8 is surjective. This gives that E
−4,8
∞ =
E−4,82
∼= C1008 and hence that H4((Sym2 UF )(−2H)) = C
1008 is the only
non-zero cohomology group of this sheaf. Similarly, the second spectral
sequence gives that
Hi(F,Q∗F (−2H) =
{
C561, if i = 4,
0, otherwise.
From Sequence (11) we obtain now immediately that
Hi(F, IS) = 0 for i 6 2.
The sequence
0→ IS → OF → OS → 0
and the fact that hi(F,OF ) is 1, 0, 1, 0, 1 for i = 0, . . . , 4 respectively give
that h1(S,OS) = 0. From 450 = χ(S,OS) = 1−q+pg we immediately obtain
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pg = 449. As h
1,0 = h0,1 = 0, so are the Betti numbers b1 = b3 = 0. Since
S is connected, b0 = b4 = 1. Note that χtop = c2(TS) =
∑
(−1)ibi = 2565,
giving that b2 = 2563 and hence from the Hodge decomposition and Hodge
duality that h1,1 = b2 − 2h
2,0 = 1665.
For t = 1, the first spectral sequence and Proposition B.1 give E−2,4∞ =
E−2,41
∼= C36 as the only non-zero term. Hence
h2(F, (Sym2 U)(H)) = 36
is the only non-zero cohomology group of this sheaf. The second spectral
sequence for t = 1 gives that
h0(F,Q∗F (H)) = 20, h
2(F,Q∗F (H)) = 1
as the only two non-trivial cohomology groups.
The resolution of the ideal sheaf twisted by 3H
0→ (Sym2 UF )(H)→ Q
∗
F (H)→ IS(3H)→ 0
and the computations above give that h3(F, IS(3H)) = 0. Kodaira vanishing
gives hi(F, 3H) = 0 for all i > 1 so the sequence
0→ IS(3H)→ OF (3H)→ OS(3H)→ 0
induces h2(S,OS(3H)) = h
3(F, IS(3H)). If KS and 3H were linearly equiv-
alent and not just equal in the group H2(S,Q), then 1 = h2(S,KS) =
h3(F, IS(3H)) which is a contradiction to the computation above giving
h3(F, IS(3H)) = 0.
Since q = h1(S,OS) = 0 is the tangent space to the abelian variety Pic
0 S,
this must be zero, giving PicS = NS(S). Since 3H and KS are cohomologi-
cally but not linearly equivalent, there must be torsion in cohomology, or in
other words Picτ S 6= 0. 
Remark 8.4. In [Huy20, Remark 6.2.29], it is shown that there is a degree
2 e´tale cover of S trivialising the above torsion element, which is, from (12),
the difference KS−3HS ∈ PicS. This cover can be realised as the surface in
P(US) parametrising the two distinct ramification points of the Gauss map
when restricted to a line.
9. A bound on the degree of irrationality of F
We recently proved in [GK19] that if Y ⊂ P4 is a smooth cubic threefold
and F (Y ) its Fano surface of lines, then the degree of irrationality irr(F (Y )),
i.e., the minimal degree of a rational map F (Y ) 99K P2, satisfies
irr(F (Y )) 6 6,
with equality if Y is general. In this section we extend the construction of a
degree 6 map to the Fano scheme of lines of any smooth cubic hypersurface.
Whether this upper bound is optimal for a general hypersurface remains to
be proven.
We recall first the construction in the case of threefolds, and elaborate on
the linear system it is induced by.
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Lemma 9.1. Let Y ⊂ P4 be a smooth cubic threefold and F (Y ) ⊂ G(2, 5) ⊂
P := P(∧2C5) = P9 its Fano surface of lines. For any hyperplane H ⊂ P4
there is a degree 6 rational map
φ : F 99K Y ∩H
which is the restriction of the rational map ψ : P 99K H given by the sublinear
system V ⊂ |OP(1)| of sections corresponding to Schubert cycles σ1(Λ) for
Λ a hyperplane in H.
Proof. The map ψG(2,5) : G(2, 5) 99K H takes [ℓ] and gives ℓ ∩ H ∈ P
4.
Consider now a Λ ∈ |OH(1)|. Its pullback ψ
∗
G(2,5)Λ, which corresponds to
lines meeting Λ, is of class σ1 and so a section of the Plu¨cker line bundle
OG(2,5)(1). Observe that this section contains all lines contained inside H.
In other words, if
V = |ψ∗G(2,5)OH(1)| ⊂ |OG(2,5)(1)|,
then the base locus Bs(V) is equal to G(2,H). Projecting now from the
P5 which is the span of G(2,H) in P onto P3 we obtain the map ψ whose
restriction to G(2, 5) is ψG(2,5). The map φ has degree 6 as there are 6 lines
through a general point of Y . 
Remark 9.2. In particular, ψ is the projection from the P5 ⊂ P containing
the Plu¨cker embedding of G(2,H) = G(2, 4).
Proposition 9.3. Let X ⊂ Pn+1 be a smooth cubic hypersurface for n > 3
and F = F (X) ⊂ G(2, n + 2) its Fano scheme of lines. Then irr(F ) 6 6.
More precisely, we have a degree 6 rational map
φ : F 99K R× Y
where Y = X ∩H, for H = Pn, is a hyperplane section of X with one node
and hence rational and R ∼= Pn−3 ⊂ Pn+1 is general. The map φ is the
restriction of the map
(α, β) : P := P(∧2Cn+2) = P
n(n+3)
2 99K R×H
where β is given by the n + 1 sections of OP(1) cutting out the projective
space P(∧2Cn+1) ⊂ P containing the Plu¨cker embedding of G(2,H) and α is
given by the space of sections of OP(1) which correspond to Schubert cycles
σ1(T ) = {ℓ ∈ G(2, n+ 2) : ℓ ∩ 〈T,Π〉 6= ∅}
for some fixed Π ∼= P2 and T runs over all hyperplanes in R.
Proof. Let Y = X ∩H be a hyperplane section with exactly one node. Note
that by projecting from the node inside H = Pn, we obtain a birational map
Y 99K Pn−1.
Fix now R = Pn−3 and Π = P2 general inside Pn+1. We will construct a
degree 6 map φ : F 99K R × Y . Consider a general point [ℓ] ∈ F . For the
following two points
pℓ = R ∩ 〈ℓ,Π〉
qℓ = ℓ ∩ Y,
define now φ([ℓ]) = (pℓ, qℓ). For any q ∈ X, there is a subvariety Fq ⊂ F of
dimension n−3 parametrising lines [ℓ] ∈ F so that ℓ passes through q. This
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variety Fq in fact embeds in the original P
n+1 as a complete intersection of
type (1, 1, 2, 3). Fix a (p, q) ∈ φ(F ). The lines through q are parametrised
by the space Fq we just described. Note now that, the points [ℓ] ∈ Fq so that
p = R ∩ 〈ℓ,Π〉 are precisely the six points of the intersection 〈p, q,Π〉 ∩ Fq.
In other words φ has degree six and we can compose with a birational map
R× Y 99K P2(n−2) to obtain a degree six map F 99K P2(n−2). 
Appendix A. Admissible covers
In this section we reinterpret the divisors R,R′ ⊂ I of Section 5 using Hur-
witz spaces, and in particular obtain again some of the results of Theorem
6.2.
Proposition A.1. Let λ be the determinant of the Hodge bundle of the
curve fibration p : I → X. Then
• The class of R equals [R] = 4ωp + 8p
∗λ− p∗[W ],
• The class of R′ equals [R′] = 4ωp + 68p
∗λ− 8p∗[W ].
Proof. We denote by H˜4,3 the part of the space of admissible covers of genus
4 and degree 3, with b = 12 labelled branched points, consisting of the union
of the locus of smooth admissible covers and the boundary divisors E0 and
E3 (see [vdGK12] for the notation) where a point of E0 corresponds to a map
X → P , with X = (C1 ∪R1)∪C2 and P = P
1∪P1, with C2 a smooth genus
3 curve and all other curves rational, as in [vdGK12, Proposition 3.1, ii] for
k = 2. A point of E3 corresponds to a map X → P , with X = S ∪C, where
C is a smooth genus 4 curve and all other curves rational, as in [vdGK12,
Proposition 4.1, ii] for k = 2. We have the diagram of universal curves
M0,b+1
πb

CH˜4,3
t

f
oo
φ
//M4,1
π

M0,b H˜4,3
j
oo
h
//M4.
The map h is generically finite of degree N0 = 2 b! which is the number
of g13 ’s times the possible permutations of the branch points. The map t is
equipped with b disjoint sections τi : H˜4,3 → CH˜4,3 corresponding to the b
labelled ramification points sitting over the labelled branched points. These
commute with the natural sections si :M0,b →M0,b+1, i.e., fτi = sij. Let
Ti be the image of τi. Note that each ramification point of a 3-to-1 map
F : X → P admits all the labels - in other words, if i ∈ {1, ..., b} and p is a
ramification point of F then there exists an h ∈ H˜4,3 so that the fibre over h
represents the map F and τi(h) = p. Therefore the images of the Ti’s under
the map φ coincide and are equal to the union of all ramification points of
all the g13 ’s.
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The map h is simply branched at E0 and E3. The map φ factors via the
fibre product X =M4,1 ×M4 H˜4,3. Let
CH˜4,3
ρ
//
t
!!
❈❈
❈❈
❈❈
❈
X
π˜

h˜
//M4,1
π

H˜4,3
h
//M4
the induced diagram, with φ = h˜ρ. We have ωπ˜ = h˜
∗ωπ. The map h is
ramified at the points x ∈ E0 and therefore the fibre of π˜ over x has an
A1 singularity corresponding to the node over the fibre of π. The map ρ
resolves the singularity and the corresponding exceptional divisor C1 (the
union of the C1 from above) consists of (−2)-curves. In addition, on the
fibres over E0 the map ρ contracts an exceptional divisor R1 which consists
of (−1)-curves - blow-up along a smooth locus (the union of the tails R1 as
above). The map h is also ramified at the points x ∈ E3 but since the fibre
over x maps to a smooth curve, the fibre of π˜ over x is a smooth curve. The
map ρ is the blow-up at the triple ramification point locus of the fibres of π˜.
The exceptional divisor S consists of (−1)-curves (the curves S as above).
Since the restriction of ωt on (−2)-curves is trivial as C1 gets contracted via
φ, we get that ωt = φ
∗ωπ +B with B = R1 + S.
Let α be a divisor class on CH˜4,3 . We then have
π∗(ωπφ∗α) = π∗φ∗(φ
∗ωπ α)
= h∗t∗(φ
∗ωπ α)
= h∗t∗(ωt α−Bα)
= h∗t∗(ωt α)− h∗t∗(Bα).
We have ωt = f
∗ωπb + Rf , with Rf the ramification divisor of the map f ,
that is Rf =
∑b
i=1 Ti. Then
h∗t∗(ωt α) = h∗t∗(f
∗ωπb α) + h∗t∗(Ri α)
= h∗t∗(f
∗ωπb α) +
b∑
i=1
h∗t∗(τ∗τ
∗
i α)
= h∗t∗(f
∗ωπb α) +
b∑
i=1
h∗(τ
∗
i α).
Suppose now that α = Rf =
∑b
i=1 Ti. Note that the degree of R overM4
is 2b so we have
R =
2
N0
φ∗Rf .
By [vdGK11, Lemma 4.2] we have
b∑
i=1
τ∗i Rf =
b∑
i=1
τ∗i Ti =
b∑
i=1
t∗τi∗τ
∗
i Ti
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=
b∑
i=1
t∗T
2
i = t∗(R
2
f ) = −
1
2
j∗ψ
and t∗(f
∗ωπb Rf ) = j
∗ψ. Therefore h∗t∗(ωtRf ) =
1
2h∗j
∗ψ. Also, t∗(BRf ) =
2E3. This is because S has two ramification points and R1 has none. There-
fore
π∗(ωπ φ∗Rf ) =
1
2
h∗j
∗ψ − 2h∗E3.
Following formulas in [vdGK12] we have:
h∗j
∗ψ = 40N0(9λ− δ0)
2h∗E3 = N0(132λ − 15δ0)
and so,
π∗(ωπ R) =
2
N0
π∗(ωπ φ∗Rf ) = 40(9λ − δ0)− 2(132λ − 15δ0)
= 96λ− 10δ0.
Write now R = aωπ+bπ
∗λ+cπ∗δ0. Then obviously a = 4 (because the fibre
has 24 points and 24 = 4 · 6, with 6 = 2g − 2). Then
π∗(ωπ R) = 4(12λ − δ0) + 6bλ+ 6cδ0 = (48 + 6b)λ+ (−4 + 6c)δ0.
Hence 48 + 6b = 96 which implies b = 8 and −4 + 6c = −10 giving c = −1.
Suppose now that α = A is the sum of the residual sections to the Ti’s.
Then R′ = 2N0φ∗A. We have h∗t∗(ωtA) = h∗t∗(f
∗ωπb A) = h∗t∗(f
∗ωπbA) =
j∗ψ and B = 2E0+2E3. This is because both R1 and S contain two points
which are residual to the ramification points. Then
π∗(ωπ φ∗A) = h∗j
∗ψ − 2h∗E0 − 2h∗E3.
We have h∗E0 =
N0
2 δ0. Therefore π∗(ωπ R1) =
2
N0
π∗(ωπ φ∗A) = 80(9λ−δ0)−
2(132λ−15δ0)−2δ0 = 456λ−52δ0. Writing now R
′ = 4ωπ+bπ
∗λ+cπ∗δ0 we
have as above that 48 + 6b = 456 which implies b = 68 and −4 + 6c = −52
giving c = −8. 
Appendix B. Cohomology of G(2, 6)
We briefly recall the necessary notation for the Borel–Weil–Bott Theorem
used to compute various cohomology groups of tautological bundles on the
Grassmannian G(2, 6) with universal sub and quotient bundle U ,Q respec-
tively. For a quick introduction we found [BCP17, Appendix A] helpful,
although a more thorough reference is [Wey03].
Denote by ρ = (6, 5, 4, 3, 2, 1), w = (w′, w′′) where w ∈ Z6, w′ ∈ Z2, w′′ ∈
Z4 respectively and Σw the standard Weyl module. If w + ρ is regular, i.e.,
all its components are distinct integers, then the BWB Theorem states that
Hℓ(w)(G(2, 6),Σw′U
∗ ⊗ Σw′′Q
∗) ∼= Σσ(w+ρ)−ρC
6
is the only non-trivial cohomology group of this sheaf. In the above, σ is the
unique element of the symmetric group S6 which permutes the components
of w + ρ so that they are non-increasing, i.e., σ(w + ρ) = (λ1, . . . , λ6) with
λ1 > . . . > λ6, and ℓ(w) is defined as the length of σ in the sense of the
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number of transpositions of the form (i i + 1) that σ constitutes of. If on
the other hand w + ρ is not regular, then all cohomology groups are zero.
We recall the formula, e.g., from [FH91, Theorem 6.3], that if λ =
(λ1, . . . , λ6) is such that λ1 > . . . > λ6 > 1 then
dimΣλC
6 =
∏
16i<j66
λi − λj + j − i
j − i
,
whereas for an arbitrary non-increasing sequence λ, we may twist by some
large weight (e.g., (|λ6| + 1, . . . , |λ6| + 1)) to make all components positive
- this has the effect of tensoring the representation by a 1-dimensional one
which does not change the dimension.
The first task is to decompose various tautological sheaves into irreducible
representations. Here are some examples of irreducible representations
Σ(1,1)U
∗ ∼= H
Σ(1,−1)U
∗ ∼= (Sym2 U)(H)
Σ(0,−1,−1,−1)Q
∗ ∼= Q∗(1).
Proposition B.1. The non-zero cohomology groups of ∧p Sym3 U⊗(Sym2 U)(tH)
and ∧p Sym3 U ⊗Q∗(tH) on G(2, 6) for t = 1 are
H4(G(2, 6),∧2 Sym3 U ⊗ Sym2 U(H)) ∼= C36
H0(G(2, 6),Q∗(H)) ∼= C20
H5(G(2, 6),∧3 Sym3 U ⊗Q∗(H)) ∼= C
whereas for t = −2 they are
H8(G(2, 6),∧3 Sym3 U ⊗ Sym2 U(−2H)) ∼= C126
H8(G(2, 6),∧4 Sym3 U ⊗ Sym2 U(−2H)) ∼= C1134
H5(G(2, 6),Sym3 U ⊗Q∗(−2H)) ∼= C
H8(G(2, 6),∧4 Sym3 U ⊗Q∗(−2H)) ∼= C560.
Proof. Using the following code in the SchurRing package of Macaulay2,
loadPackage "SchurRings";
S = schurRing(QQ,s,2);
for i from 0 to 4 do (
print (exteriorPower(i,symmetricPower(3,s_1))*symmetricPower(2,s_1));)
we compute the weights of the irreducible components of the representation
∧p Sym3 U ⊗ Sym2 U(H) as follows
p w′ w + ρ = (w′; 0, 0, 0, 0) + ρ ℓ(w)
0 (1,−1) (7, 4, 4, 3, 2, 1) −1
1 (1,−4)⊕ (0,−3) (7, 1, 4, 3, 2, 1)⊕ (6, 2, 4, 3, 2, 1) −1⊕−1
⊕(−1,−2) ⊕(5, 3, 4, 3, 2, 1) ⊕− 1
2 (0,−6)⊕ (−1,−5) (6,−1, 4, 3, 2, 1)⊕ (5, 0, 4, 3, 2, 1) 4⊕ 4
⊕(−2,−4)⊕2 ⊕(4, 1, 4, 3, 2, 1)⊕2 ⊕− 1⊕−1
3 (−2,−7)⊕ (−3,−6) (4,−2, 4, 3, 2, 1)⊕ (3,−1, 4, 3, 2, 1) −1⊕−1
⊕(−4,−5) ⊕(2, 0, 4, 3, 2, 1) ⊕− 1
4 (−5,−7) (1,−2, 4, 3, 2, 1) −1
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since for example a decomposition into irreducibles for p = 2 is
∧2 Sym3 U ⊗ Sym2 U(H) ∼= Σ(0,−6)U
∗ ⊕ Σ(−1,−5)U
∗ ⊕ (Σ(−2,−4)U
∗)⊕2.
In the table, ℓ(w) = −1 signifies that the weight w is not regular. From the
Borel–Weil–Bott Theorem, we obtain
Hi(G(2, 6),∧p Sym3 U ⊗ Sym2 U(H)) = 0 for p = 0, 1, 3, 4 and i > 0.
For p = 2, as
σ((6,−1, 4, 3, 2, 1) + ρ)− ρ = (0,−1,−1,−1,−1,−2),
σ((5, 0, 4, 3, 2, 1) + ρ)− ρ = (−1,−1,−1,−1,−1,−1)
we obtain
H4(G(2, 6),∧2 Sym3 U ⊗ Sym2 U(H)) ∼=Σ(0,−1,...,−1,−2)C
6 ⊕ Σ(−1,...,−1)C
6
∼=C35 ⊕C ∼= C36.
Similarly, the table for ∧p Sym3 U ⊗Q∗(H) is as follows
p w′ w + ρ = (w′, 0,−1,−1,−1)+ ρ ℓ(w)
0 (0, 0) (6, 5, 4, 2, 1, 0) 0
1 (0,−3) (6, 2, 4, 2, 1, 0) −1
2 (−1,−5)⊕ (−3,−3) (5, 0, 4, 2, 1, 0)⊕ (3, 2, 4, 2, 1, 0) −1⊕−1
3 (−3,−6) (3,−1, 4, 2, 1, 0) 5
4 (−6,−6) (0,−1, 4, 2, 1, 0) −1
so the only non-zero cohomology groups occur for p = 0, 3. Using the same
formulas as above we compute
H0(G(2, 6),Q∗(H)) ∼=Σ(0,0,0,−1,−1,−1)C
6 ∼= C20
H5(G(2, 6),∧3 Sym3 U ⊗Q∗(H)) ∼=Σ(−2,−2,−2,−2,−2,−2)C ∼= C.
The table for ∧p Sym3 U ⊗ (Sym2 U)(−2H) is as follows.
p w′ w + ρ = (w′ + (6, 5), 4, 3, 2, 1) ℓ(w)
0 (−2,−4) (4, 1, 4, 3, 2, 1) −1
1 (−2,−7)⊕ (−3,−6) (4,−2, 4, 3, 2, 1)⊕ (3,−1, 4, 3, 2, 1) −1⊕−1
⊕(−4,−5) ⊕(2, 0, 4, 3, 2, 1) ⊕− 1
2 (−3,−9)⊕ (−4,−8) (3,−4, 4, 3, 2, 1)⊕ (2,−3, 4, 3, 2, 1) −1⊕−1
⊕(−5,−7)⊕2 ⊕(1,−2, 4, 3, 2, 1)⊕2 ⊕− 1⊕−1
3 (−5,−10)⊕ (−6,−9) (1,−5, 4, 3, 2, 1)⊕ (0,−4, 4, 3, 2, 1) −1⊕ 8
⊕(−7,−8) ⊕(−1,−3, 4, 3, 2, 1) ⊕8
4 (−8,−10) (−2,−5, 4, 3, 2, 1) 8
giving
H8(∧3 Sym3 U ⊗ (Sym2 U)(−2H)) ∼=Σ(−2,...,−2,−5)C
6 ⊕ Σ(−2,...,−2,−3,−4)C
6
∼=C56 ⊕C70 ∼= C126
H8(∧4 Sym3 U ⊗ (Sym2 U)(−2H)) ∼=Σ(−2,−2,−2,−2,−4,−6)C
6 ∼= C1134.
Similarly, the table for ∧p Sym3 U ⊗ Q∗(−2H) is as follows, noting that
Q∗(−2H) ∼= Σ(3,2,2,2)Q
∗.
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p w′ w + δ = (w′, 3, 2, 2, 2) + ρ ℓ(w)
0 (0, 0) (6, 5, 7, 5, 4, 3) −1
1 (0,−3) (6, 2, 7, 5, 4, 3) 5
2 (−1,−5)⊕ (−3,−3) (5, 0, 7, 5, 4, 3)⊕ (3, 2, 7, 5, 4, 3) −1⊕−1
3 (−3,−6) (3,−1, 7, 5, 4, 3) −1
4 (−6,−6) (0,−1, 7, 5, 4, 3) 8
giving
H5(Sym3 U ⊗Q∗(−2H)) ∼= Σ(1,1,1,1,1,1)C
6 ∼= C
H8(∧4 Sym3 U ⊗Q∗(−2H)) ∼= Σ(1,0,0,0,−2,−2)C
6 ∼= C560. 
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